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ABSTRACT
Galvanomagnetic and thermomagnetic p o t e n t i a l s  have been measured 
on a s in g l e  c r y s t a l  o f  bismuth in magnet ic f i e l d s  ranging from z e ro  t o  
s i x t e e n  k i lo g a u ss  as a means of s tudying  the  energy band s t r u c t u r e  o f  
b ismuth .  The p o t e n t i a l s  measured were a) th e  m ag n e to re s i s ta n ce  and 
Hall e f f e c t ,  and b) th e  co rresponding  p o t e n t i a l s  with  a hea t  c u r r e n t  
s u b s t i t u t e d  f o r  the  e l e c t r i c  c u r r e n t  ( th e rm o e le c t r i c  power and 
N ern s t -E t t in g sh a u sen  e f f e c t  r e s p e c t i v e l y ) .  Also, measurements were 
made o f  the thermal c o n d u c t iv i t y  o f  the  bismuth. No t r a n s v e r s e  
thermal e f f e c t  (Righi-Leduc e f f e c t )  was d e te c te d  in the  tem pera tu re  
range of 2 . 1°K to  4.3°K i n v e s t i g a t e d .  The o th e r  magnet ic  f i e l d  
dependent t r a n s p o r t  e f f e c t s ,  the  P e l t i e r  e f f e c t  and E t t ingshausen  
e f f e c t ,  were not  measured d i r e c t l y  but  may be c a l c u l a t e d  from the  
measured q u a n t i t i e s  by the  Onsager r e c i p r o c i t y  theorem.
A s tudy o f  the  o s c i l l a t i o n s  observed in the  galvanomagnet ic  
p o t e n t i a l s  f o r  d i f f e r e n t  o r i e n t a t i o n s  of the  magnet ic f i e l d  has led 
to  th e  mapping of a high m o b i l i ty  hole  band. This pocket  has the 
form ( in  momentum space)  of  an e l l i p s o i d  of r e v o lu t io n  with  the  , 
major  a x i s  o r i e n t e d  a long  the  t r i g o n a l  a x i s  of th e  c r y s t a l .  The 
r a t i o  o f  major t o  minor a x i s  is  3.B. An a n a l y s i s  of  the e l e c t r i c a l  
c o n d u c t iv i t y  d a t a ,  with  emphasis on the  Hal l  c o n d u c t i v i t y ,  by the  
q u a s i - c l a s s i c a l  Sondheimer-WiIson theory  has i n d ic a te d  t h a t  th e r e  
a r e  energy bands in bismuth b es id e s  th e  p r e v io u s ly  d iscove red  high
vi i i
m o b i l i t y  e l e c t r o n  band(s)  and the hole  e l l i p s o i d  band mentioned 
above. In p a r t i c u l a r ,  th e  p resence  o f  a low m o b i l i t y  hole band, with 
e f f e c t i v e  mass in the  neighborhood o f  th e  f r e e  e l e c t r o n  mass mQ, has 
been d iscove red .  Measurements of the  o s c i l l a t o r y  e f f e c t s  a t  high 
magnet ic  f i e l d s  have s u b s ta n tu a te d  th e  e x i s t e n c e  of  t h i s  low m o b i l i ty  
hole band.
Measurements of th e  o s c i l l a t o r y  e f f e c t s  a r e  in genera l  agreement 
■with the  theory  of L i f s h i t z  and Kosevich fo r  o s c i l l a t i o n s  in the  
e l e c t r i c a l  c o n d u c t i v i t i e s .  The L i f sh i tz -K o se v ich  theo ry ,  when 
modif ied  with th e  q u a s i - c l a s s i c a l  e x p r e s s i o n s . f o r  t h e  thermomagnetic 
e f f e c t s  a t  high magnetic f i e l d s ,  ag rees  in some r e s p e c t s  {such as the 
phase of  the  o s c i l l a t i o n s )  w i th  the  exper im en ta l  d a ta .  However, i t  
f a i l s  t o  p r e d i c t  the  tem pera tu re  dependence of  the e f f e c t s ,  and 
agrees  w i th  the  s i z e  o f  the  e f f e c t s  on ly  in o rder  Of magnitude.
The thermal c o n d u c t iv i t y  measurements have demonstrated t h a t  
l e s s  than one per  cen t  of  t h e  heat c u r r e n t  is  c a r r i e d  by the  
e l e c t r o n s .
CHAPTER I 
INTRODUCTION
The T ranspor t  E f fec t s
The s tudy  o f  t r a n s p o r t  in a system concerns the problem of  
r a t e s  of  r e a l  p h y s ica l  p ro c e s s e s .  A t r e a tm e n t  o f  such phenomena 
n e c e s s a r i l y  f a l l s  i n to  the  realm of i r r e v e r s i b l e  thermodynamics.
In o th e r  words, the t r a n s p o r t  p ro cesse s  we wish t o  cons ide r  a r e  such 
t h a t  they cannot  be thought  of  as  q u a s i - s t a t i c  p rocesses  which must 
occur ex trem ely  s lowly .  The q u a s i - s t a t i c  p ro c e sse s  a re  the  only 
p rocesses  which can be t r e a t e d  in terms of  e q u i l ib r iu m  thermodynamics. 
We w i l l  not a t tem pt  a genera l  d i s c u s s io n  o f  the  i r r e v e r s i b l e  
thermodynamics and s t a t i s t i c a l  mechanics ,  bu t  d e t a i l  w i l l  be given 
to  c e r t a i n  of  the  r e s u l t s  which a r e  a p p l i c a b l e  t o  the  t r a n s p o r t  
p rocesses  in a metal .
Processes  in i r r e v e r s i b l e  thermodynamics a re  desc r ib ed  in terms 
of  a " fo r c e "  parameter  which d r iv e s  th e  p rocess  and an a d d i t i o n a l  
parameter  to  d e s c r ib e  the  response  to  t h i s  f o r c e .  The " d r i v i n g  
f o r c e "  fo r  the  p rocess  is  r e f e r r e d  t o  as  the  a f f i n i t y ,  and the 
response  parameter  is  c a l l e d  the  f lu x .  In many p r a c t i c a l  cases-— 
in c lud ing  the one we wish t o  c o n s i d e r - - t h e  p rocesses  do not d e v ia t e  
r a d i c a l l y  from e q u i l ib r iu m ,  and the  r e l a t i o n  between the  a f f i n i t i e s
2
and f lu x e s  can be r e p re s e n te d  by a s imple  l i n e a r  r e l a t i o n s h i p .  This 
very  good approximation is  w r i t t e n
J k -  5  Lj k Fj  <»
where the  a f f i n i t i e s  a re  given by the  F . ,  J, i s  the  f lu x ,  and the
J K
Ljk a r e  the  l i n e a r  f a c t o r s  r e l a t i n g  th e  d i f f e r e n t  a f f i n i t i e s  and t h e i r
f r a c t i o n a l  c o n t r i b u t i o n  to  t h e  t o t a l  f l u x .  The L.. a r e  c a l l e d  k i n e t i cj k
c o e f f i c i e n t s  and a r e  fu n c t io n s  of  the  l o c a l  i n t e n s i v e  pa ram eters .  An 
a d d i t i o n a l  assumption is  t h a t  a t  a g iven  i n s t a n t ,  th e  f lu x e s  depend only  
on the  va lues  of the  a f f i n i t i e s  a t  t h a t  i n s t a n t .  A p rocess  having 
the  p r o p e r t i e s  we have desc r ib ed  is  fo rm a l ly  c a l l e d  a l i n e a r  Markoff 
p rocess .  These p ro c e sse s  a r e  c a r e f u l l y  cons ide red  in the t e x t  by 
C a l len .^
Although we w i l l  not  a t tem p t  to  g ive  t h e  ex ac t  mathematical
fo rm ula t ion  fo r  the  a f f i n i t i e s  F .,  we w i l l  i n v e s t i g a t e  the p h y s ica l
q u a n t i t i e s  which g ive  r i s e  t o  them. With t h e se  q u a n t i t i e s  a v a i l a b l e
we w i l l  be a b le  to  w r i t e  Eq. ( l )  fo r  the  case  a t  hand, w i thou t
e x p l i c i t l y  i d e n t i f y i n g  th e  F. and the  L.. . The exac t  i d e n t i t y  of
J J K
th ese  two q u a n t i t i e s  is  necessa ry ,  however, f o r  the  case  we w i l l  
p r e s e n t ;  they  can be found in the  t e x t  by Cal len .  We w i l l  draw 
f r e e l y  from the r e s u l t s  of Cal len  when th ey  a r e  needed in the  des ­
c r i p t i o n  of  th e se  e f f e c t s .
in  the t r a n s p o r t  p rocesse s  in a c r y s t a l ,  the  f lu x e s  a r e  a) the 
e l e c t r i c  c u r r e n t  d e n s i t y  J ,  and b) th e  h e a t  c u r r e n t  d e n s i ty  w. The
^Callen,  H. B., Thermodynamics. ' John Wiley and Sons, I n c . ,  New 
York, i 9 6 0 .
a f f i n i t i e s  a r e  due t o  t h e  tem pera tu re  g r a d i e n t  (we use the  n eg a t iv e  
o f  the  g r a d i e n t  G -  - ^ T )  and the  e l e c t r i c  f i e l d  E. A c tu a l ly  t h e r e  
i s  an o th e r  f i  . Id  due to  t h e  chemical p o t e n t i a l  of the  e l e c t r o n s .  For
convenience t h i s  is combined with  the  e l e c t r i c  f i e l d  due to  the 
e l e c t r o s t a t i c  p o t e n t i a l  and the  r e s u l t i n g  f i e l d  is  w r i t t e n
(2)
where e is  th e  e l e c t r o n i c  charge ,  x i s  the  space v a r i a b l e ,  and £ i s
the  chemical p o t e n t i a l .  A term involv ing  the  chemical p o t e n t i a l  a l s o
c o n t r i b u t e s  t o  the  hea t  c u r r e n t  d e n s i t y  w, so fo r  convenience we
in c o rp o ra te  t h i s  term in a manner s im i l a r  t o  t h a t  expressed  by Eq. (2)
2
and use a modif ied  hea t  c u r r e n t  w*. Then, w* is  the t o t a l  energy 
c u r r e n t  l e s s  t h a t  p a r t  o f  the  hea t  c u r r e n t  which i s  due to  the 
e l e c t r o c h e m ic a l  p o t e n t i a l  A.
A * £ + etf (3 )
where 4>! i s  the  e l e c t r o s t a t i c  p o t e n t i a l .  This g ives  f o r  the  modif ied  
e l e c t r i c  f i e l d
Since the  f lu x  w is  given by
w * u - 4>J (5 )
where u i s  the t o t a l  energy c u r r e n t ,  the modif ied  form o f  the hea t
f lu x  which we s h a l l  u;.:e in f u r t h e r  d i s c u s s io n  is
w * * u  — — J * w - ^ - J .  (6 )© ©
2 H. B. C a l len ,  Phys. Rev. 8^ ,  16  (1952).
In view of  th e  l i n e a r  r e l a t i o n s h i p  between f lu x e s  and a f f i n i t i e s ,  
we can now w r i t e  th e  dynamical eq u a t io n s  which apply  t o  a two-dimensional 
t r a n s p o r t  problem.
J 1 -  0 11E!  + -  e l l Gl -
J 2  "  a 21E!  + ° 2 2 E2 '  £21G1 ‘  e22G2
(7a)
-  k ^ E *  +
" I  -  + ^ 1G1 + ^ G2
The Eq. (7a) a p p l i e s  t o  e f f e c t s  which occur  when e l e c t r i c  and hea t  
c u r r e n t s  a r e  p e rm i t t ed  t o  flow in a p lane  p e rp e n d ic u la r  t o  an a p p l i e d  
magnetic  f i e l d ,  as i s  the  case  we w i l l  c o n s id e r  e x p e r im e n ta l ly .  For 
convenience we w r i t e  Eq. (7a) in the  m a t r ix  n o ta t io n
-A  A  A  A  J l
j  »  <j E *  -  e tCG
^  A a a  (7b)
w* -  -jt,,E* + N*G
From th e  thermodynamics which apply  in the  d i s c u s s io n  of th e
p ro ce sse s  under c o n s id e r a t i o n ,  i t  is  im por tan t  t o  c a l l  a t t e n t i o n  to  a
theorem which e x p re s se s  a c e r t a i n  symmetry in the  response  of two
s im u l ta n eo u s ly  o c c u r r in g  p ro c e s s e s .  This i s  the  Onsager r e c i p r o c i t y
t*htheorem. i t  s t a t e s  a symmetry between t h e  l i n e a r  e f f e c t  of  the j
t  h f i-L
a f f i n i t y  on the  k f lu x  and the  l i n e a r  e f f e c t  o f  the  k a f f i n i t y  on 
the  j **1 f l u x ,  when th e se  e f f e c t s  a r e  measured in o p p o s i t e  magnetic  
f i e l d s .  S p e c i f i c a l l y ,  Onsager has demonstrated t h a t  th e  va lue  of  the  
k i n e t i c  c o e f f i c i e n t  measured in a magnetic  f i e l d  H i s  i d e n t i c a l  to  
the  k i n e t i c  c o e f f i c i e n t  L^j measured in t h e  reversed  magnetic  f i e l d  -Hj 
t h a t  i s ,
Lj k (H) Lk j (' H)* (8)
In o rde r  t o  apply t h i s  powerful  theorem t o  t h e  c a se  a t  hand one must 
a) de termine the  e x a c t  r e l a t i o n  between th e  c o e f f i c i e n t s  a, e",  it,r and
A
7 and th e  k i n e t i c  c o e f f i c i e n t s ,  and b) take  note  o f  c e r t a i n  symmetry 
r e l a t i o n s  which e x i s t  between the  a,  e",  it" and A": For th e  case  of
th e  magnet ic f i e l d  p a r a l l e l  t o  the  3 - a x i s ,  Onsager^ has shown t h a t  
p h y s ic a l  i so t ro p y  e x i s t s  in t h e  1 -2  p lane  i f  th e  symmetry of  t h e  
c r y s t a l  about  the  3 “ax is  i s  3 y ■■k? or  6 - f o l d  and the  f luxe s  and 
a f f i n i t i e s  a re  conf ined  to  th e  1-2 p lan e .  Notice t h a t  we have adopted 
th e  convention of  r e f e r r i n g  t o  th e  a x i s  a t t a c h e d  t o  the  c r y s t a l  w ith  
th e  numbers 1, 2, and 3. The l e t t e r s  x,  y, and z w i l l  be used to  
d e s ig n a te  d i r e c t i o n s  in space (see Fig. 1).  V#e now take the  case  
o f  a c r y s t a l  wi th  a 3- f o l d  a x i s  o f  symmetry (b ism uth) ,  where th e  
c r y s t a l  is  in th e  form of  a t h i n  p l a t e  w i th  the  3 - f o l d  symmetry a x i s  
( the  3 - a x i s )  p e rp e n d ic u la r  t o  the  face  o f  the  p l a t e .  Then the  t e n so r  
of  c o e f f i c i e n t s  w i11 be 2  x 2  and of th e  form
Aa a l l a 12
a 2 l a 22
(9)
A  A A A A
where a i s  t o  be rep laced  by a ,  e“ , n" o r  A". The i so t ro p y  in the 
p lane  gives  the  r e l a t i o n
112
( 10)
a 21 "  "a
a l l  “  a 2 2 ’
A c o n s id e ra t i o n  of  th e se  c o e f f i c i e n t s  in the  magnetic  f i e l d  y i e l d s
3 L. Onsager,  Phys. Rev. 405 (1931); ^ 8 , 2265  (1931)-
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the  r e s u l t  t h a t  the  d iagona l  terms a r e  even f u n c t io n s  of  th e  f i e l d  H, 
and th e  o f f - d t a g o n a l  terms a r e  odd fu n c t io n s  o f  the  f i e l d  H. These 
symmetry r e l a t i o n s ,  t o g e t h e r  w i th  the  proper  i d e n t i f i c a t i o n  o f  the  
a f f i n i t i e s ,  y i e l d  Onsager ' s  r e l a t i o n s  between the  c o e f f i c i e n t s .  We 
s t a t e  them w i thou t  f u r t h e r  proof :
(1 1)
T ^ n  (h) * *11 <H>
T e » s (H ) -  * » 2 (H )
or ,  more s imply in t e n s o r  n o t a t i o n ,
T e u  *  Jt" ( 1 2 )
kI t  has been shown t h a t  the  a lg e b ra  involved  in a n a l y s i s  is
g r e a t l y  s im p l i f i e d  i f  the  dynamical eq u a t io n s  (Eq. 7 ) a r e  w r i t t e n
j  _ a
such t h a t  t h e  e l e c t r i c  c u r r e n t  J and the  tem p era tu re  g r a d i e n t  G
appear  on th e  r i g h t  hand s id e  of  the  eq u a t io n s  as  independent  
v a r i a b l e s .  Thus, the  r e p r e s e n t a t i o n
—* .  J t  A  Jk
E * m p J  +  eG
-* ■*-* £-* (*3)
W* » - jtJ + AG
is  o f te n  used.  From the  v iewpoint  o f  the  e x p e r i m e n t a l i s t ,  a t h i r d  
r e p r e s e n t a t i o n  is  d e s i r e d ,  where the  e x p e r im e n ta l ly  c o n t r o l l a b l e
-A J
q u a n t i t i e s ,  J and a r e  th e  independent  v a r i a b l e s .  This representa t ion  
i s
- I  A - *  A -4
E* »* p 1J + e 1 w*
- >  A -  ^  W
G » it1 J + /w*.
A
P. Mazur and I.  P r igog ine .  J .  Phys. Radium 12, 612 (1951)*
The c o e f f i c i e n t s  in p, e ‘ , and 7  a r e  those  which a r e  measured 
d i r e c t l y  in the  l a b o r a to ry .  The r e l a t i o n s  between th e se  "measurable 
q u a n t i t i e s "  and the  c o e f f i c i e n t s  in the  o th e r  r e p r e s e n t a t i o n s  can be 
found q u i t e  e a s i l y .  We demonstra te  the  method and a t  the  same time 
g ive  the  names app ly ing  to  the  d i f f e r e n t  e f f e c t s :  Consider  f i r s t
-A
th e  iso therm al  galvanomagnet ic e f f e c t s .  With G * 0, Eq. ( 13) gives
- A  A-A
E* -  pJ .  (15)
I f  we f u r t h e r  impose the  c o n d i t io n  * J ,  Jy =* 0, the  c o e f f i c i e n t
p »  E / J  (16)11 x x  v '
i s  c a l l e d  the  m a g n e t o r e s i s t i v i t y ,  and
p 2 i  “  y j *
is  the Hall r e s i s t i v i t y .  With ze ro  hea t  c u r r e n t  (w* -  0 ) ,  Eq. (14) 
gives
■ i A -*•
G * J t ' J .  (18)
In the case  J =» J .  J * 0. we have x y
Kl l  *  V Jx (19)
where is  the  P e l t i e r  c o e f f i c i e n t  and
*81 ”  V J* (20>
where i s  the  E t t ingshausen  c o e f f i c i e n t .  These a re  th e  fo u r  b a s ic
galvanomagnet ic  e f f e c t s .  For the  thermomagnetic e f f e c t s ,  take  J * 0, 
and r e s t r i c t  the  h ea t  c u r r e n t t o  th e  x - d i r e c t i  on. Then Eq. (14) 
g ives
G = /w* (21)
where the  c o e f f i c i e n t
8
r n - V ”* (22)
is  the  thermal  m a g n e t o r e s i s t i v i t y ,  and the  c o e f f i c i e n t
r 21 "  Sy/wx (23)
is the  Righi-Leduc c o e f f i c i e n t  ( r e s i s t i v i t y ) .  F i n a l l y ,  w ith  J *  0,
and d i r e c t e d  a long  the  x - a x i s ,  Eq. (14) g ives
*E* * e'w* (24)
w h e re
ei i  “ Ex/w£ (25)
is the  t h e r m o e le c t r i c  c o e f f i c i e n t  and
* Ey/w£ (2 6 )
i s  the  N ern s t -E t t in g sh au sen  c o e f f i c i e n t .  Thus th e r e  a r e  e i g h t  b a s ic
e f f e c t s  involved in the  t r a n s p o r t  p ro cesses  we a r e  c o n s id e r in g .
These a l g e b r a i c  p rocesses  in which we have indulged can be 
con t inued  to  show th e  r e l a t i o n s h i p  between the  v a r io u s  c o e f f i c i e n t s  
we have def ined  in Eqs. (7 ) ;  (13);  and (14).  The more important  ones 
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I t  can be shown t h a t  each o f  t h e s e  q u a n t i t i e s  has th e  p r o p e r t i e s  given 
by Eqs. (9) and (10).
The b a s ic  t r a n s p o r t  e f f e c t s  p r e v io u s ly  o u t l i n e d  w i l l  be the  b a s i s  
of  t h i s  exper im en ta l  s tudy .  An a n a l y s i s  of the  exper im en ta l  f in d in g s  
w i l l  be p re sen ted  in Chapter IV.
The O s c i I l a t o r v  Phenomena
The galvanomagnet ic e f f e c t s  can be used q u i t e  e f f e c t i v e l y  as  a
to o l  f o r  s tudy ing  the  energy s t r u c t u r e  of  the  e l e c t r o n s  in m eta ls  such
5
as bismuth. These e f f e c t s  a r e  c h a r a c t e r i z e d  by a p e r i o d i c  dependence 
of  the  Hall e f f e c t  and m ag n e to re s i s ta n ce  in metal s i n g l e  c r y s t a l s
upon r e c i p r o c a l  magnet ic f i e l d  a t  low t em p e ra tu re s .  The o s c i l l a t o r y
£
phenomena was f i r s t  observed in bismuth by Shubnikov. and de Haas 
in 1930* S im i la r  o s c i l l a t i o n s  in th e  magnet ic  s u s c e p t i b i l i t y  were 
d iscove red  by de Haas and van Alphen s h o r t l y  t h e r e a f t e r .  Both e f f e c t s  
have su bsequen t ly  been observed in o th e r  su b s ta n c e s .  The ex p la n a t io n
g
of the  behav io r  of the  s u s c e p t i b i l i t y  was provided by Landau and 
g
P e i e r l s  in t h e i r  papers  on the  quantum theory  of  e l e c t r o n s  in s o l i d s  
in the  p resence  o f  e x t e r n a l  magnetic  f i e l d s .  The th eo ry  is  no t  so  well  
e s t a b l i s h e d  f o r  the  galvanomagnetic e f f e c t s  as fo r  the  de Haas-van 
Alphen e f f e c t .  However, d e t a i l e d  an a ly se s  have appeared in the  l a s t  
few yea rs  from s e v e ra l  i n v e s t i g a t o r s ^  in c lu d in g  important  c o n t r i b u t i o n s
5
J .  M. Reynolds, H. W. Hemstreet ,  T. E. Le inhard t ,  and D. 0. 
T r i a n to s ,  Phys. Rev. 96, 1203 (195^t).
g
L. Shubnikov and W. J .  de Haas, Leiden Comm. 207a, 207c, 207d,
210a (1930).
?W. J.  de Haas and P. M. van Alphen, Leiden Comm.1 208d, 212a (1930). 
^L. D. Landau, Z. Physik 64. 629 (1930)*
9R. P e i e r l s ,  Z. Physik 80, 763  (1933).
^ A .  H. Kahn and H. P. R. F re d e r ik se ,  So l id  S t a t e  Physics  9. 258 
(1959).
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11 12 of  Z i l 'b e rm an  and L i f s h i t z  and Kosevich. B r i e f l y ,  i t  i s  known
t h a t  f o r  e l e c t r o n s  in magnet ic f i e l d s  th e  energy l e v e l s  coa le sce  i n to
quan t ized  l e v e l s  o f  f i e l d  dependent spac ing  and degeneracy.  As the
f i e l d  is  var ied ,  t h e  e l e c t r o n s  r e d i s t r i b u t e  among th e s e  l e v e l s  in
such a way as  t o  g ive  r i s e  t o  the  o s c i l l a t i o n s .  For an unders tand ing
of the  c o n d u c t i v i t y  p rocesses  in which we a r e  most i n t e r e s t e d  a t
t h i s  p o i n t ,  one must be ab le  t o  e x p la in  th e  s c a t t e r i n g  mechanisms
and t h e i r  magnetic  f i e l d  dependence. In Chapter  IV, exper imenta l
r e s u l t s  f o r  the  o s c i l l a t o r y  components o f  the  c o n d u c t iv i t y  tenso r
w i l l  be compared w i th  th e  theory  of L i f s h i t z  arid Kosevich.
The a n i s o t r o p y  of the  p e r i o d i c  e l e c t r i c  f i e l d  of  the  c r y s t a l l i n e  
l a t t i c e  can be taken in to  account  by c o n s id e r in g  the  c a r r i e r s  ( e l e c ­
t ro n s  or ho les )  t o  have a n i s o t r o p i c  e f f e c t i v e  masses. The Fermi 
s u r f a c e  fo r  a group of  c a r r i e r s  is then no longer  s p h e r i c a l  as  would 
be expected  f o r  f r e e  e l e c t r o n s ,  but  in s tea d  has a topology determined 
by the  i n t e r a c t i o n  o f  the e l e c t r o n s  with  th e  l a t t i c e  in each d i r e c t i o n  
in space ,  in bismuth, as in many c a s e s ,  s u r f ac e s  of  c o n s ta n t  energy 
in momentum space may be approximated by a q u a d r a t i c  dependence on 
momentum p,  i . e . ,  e l l i p s o i d s .  These approximate ly  e l l i p s o i d a l  pockets  
of  e l e c t r o n s  (or ho le s )  e x i s t  where the  Fermi s u r f a c e  over laps  (or 
under laps)  B r i l l o u i n  zone boundar ies .  An e x te n s iv e  exper imenta l
1 Q
s tudy  of  the Fermi su r f a c e  o f  bismuth has been done by Schoenberg
^ G .  E. Z i l 'b e rm an ,  Sov ie t  Physics  JETP 2, 65 0 ( 1956) .
^ 1 .  M. L i f s h i t z  and L. M. Kosevich, Sovie t  Physics  JETP 6 , 67  
(1958).
^ D .  Schoenberg, P h i l .  Trans .  A 245, 1 (1952).
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by measurements on the  o s c i l l a t i o n s  in the  magnetic  s u s c e p t i b i l i t y  
a t  low tem p e ra tu re s .  His experiments  have e s t a b l i s h e d  t h a t  th e  p o r t i o n  
o f  the  Fermi s u r f a c e  he was ab le  to  measure can be r e p re se n te d  in 
momentum space by the  s u p e rp o s i t i o n  o f  t h r e e  e l l i p s o i d s .  These a r e  
e l l i p s o i d s  of  e l e c t r o n s ,  w ith  each e l l i p s o i d  having i t s  major  a x i s  
o r i e n t e d  approximate ly  along one of  the  t h r e e  b in a ry  axes o f  the
c r y s t a l .  Since Schoenberg 's  exper im en ts ,  p ro p o sa l s  o f  models o f  the
14 15 l6band s t r u c t u r e  have been made by Jones ,  Blackman, Heine and
o t h e r s .  The p h y s ic a l  p r o p e r t i e s  of  bismuth i n d i c a t e  t h a t  in t h i s  
metal  t h e r e  is  a small  over lap  o f  t h e  conduct ion  band and va lence  
band, and t h a t  e l e c t r i c a l  c o n d u c t iv i t y  i s  due t o  a small  number of 
e l e c t r o n s  a t  the  bottom of  the  conduction band and an equal  number 
of holes  a t  the  top of the  va lence  band. The models a r e  c o n s i s t e n t  
w ith  th ese  p r o p e r t i e s .  The galvanomagnet ic  e f f e c t s ,  then ,  a r e  
determined by the  d e t a i l e d  s t r u c t u r e  of  the  bottom o f  the  conduct ion  
band and the  top of the  v a lence  band. The model f o r  t h e  energy 
s u r f a c e s  which i s  most g e n e r a l l y  accep ted  has the  fo l low ing  c h a rac ­
t e r i s t i c s :  The Fermi s u r f a c e  f o r  e l e c t r o n s  c o n s i s t s  o f  t h r e e  s e t s
of  two e l l i p s o i d s  each ( a f t e r  Schoenberg).  The t h r e e  s e t s  a r e  
i n t e r r e l a t e d  by 120° r o t a t i o n s  around the  z - a x i s  ( the  3 - a x i s ) .  The 
doubl ing of  each s e t  a r i s e s  from in v e r s io n  symmetry. One of th e
lifH. Jones,  Proc. Roy. Soc. A147. 369 (1934); A155. 653  (1936).
^M. Blackman, Proc. Roy. Soc. Al66, 1 (1936).
16
V. Heine, Proc. Phys. Soc. A69. 513 (1956).
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p r i n c i p a l  axes of  each e l l i p s o i d  is  p a r a l l e l  to  a b in a ry  a x i s .  The 
p a r t i c u l a r  s e t  o f  e l l i p s o i d s  with  p r i n c i p a l  a x i s  a long th e  x - a x i s  is  
given by
‘V ®  -  “ n pf  + “apPy + a33pz + ^ 2 3 pypz (£8)
where "p *  4ik and k is  measured with  r e sp e c t  t o  the  c e n t e r  o f  the
©e l l i p s e .  The Fermi energy of  the  e l e c t r o n s  i s  £ , mQ i s  th e  mass of
a f r e e  e l e c t r o n ,  and the  ce.j a r e  the  components o f  the  r e c i p r o c a l
mass t e n s o r  in u n i t s  of  1/m . The Fermi s u r f a c e  fo r  the  holes  c o n s i s t so
of two e l l i p s o i d s  of r e v o lu t io n  c en te red  oh the  z - a x i s  and desc r ib ed  
by
anoe H - fSl l (px + py) + e33pz (£9)
where £ i s  the Fermi energy of the  h o le s ,  and th e  j3.j a r e  the
components of t h e  r e c i p r o c a l  mass t e n s o r .  Again p" * 'fik w i th  k
measured from the  c e n t e r  o f  the  hole  e l l i p s o i d .
The a r e a s  o f  i n t e r s e c t i o n  of the  e l l i p s o i d s  (in  momentum space)
with  a p lan e  p e r p e e d ic u l a r  t o  th e  magnetic f i e l d  have been r e l a t e d  t o
the  p e r io d s  of o s c i l l a t i o n  of  th e  galvanomagnetic  e f f e c t s  by L i f s h i t z  
17and Kosevich. 1 They have demonstrated t h a t  th e  p e r i o d i c i t y  of the  
o s c i l l a t i o n s  in t h e  c o n d u c t iv i t y  and r e s i s t i v i t y  t e n so r  e lements  i s  
i d e n t i c a l  to  t h a t  of the  o s c i l l a t i o n s  in the  magnet ic s u s c e p t i b i l i t y .  
S p e c i f i c a l l y ,  the  pe r iod  i s  given by
^  “  c s T D  (30)m ' bo
where S ( t  ) i s  th e  ex t rem al  a rea  of  i n t e r s e c t i o n  of the  Fermi m 3o
17' I .  M. L i f s h i t z  and L. M. Kosevich, og. ci  t .
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e l l i p s o i d  with  a p lane  p e rp e n d ic u la r  t o  th e  magnet ic  f i e l d  H. A 
d i f f e r e n t  f requency of  o s c i l l a t i o n  i s  superimposed on th e  gross  e f f e c t  
f o r  each d i f f e r e n t  e l l i p s o i d  seen by the  f i e l d .  In t h i s  same t r e a t ­
ment of  the  "Shubnikov-de Haas e f f e c t , "  L i f s h i t z  and Kosevich have 
a r r i v e d  a t  an e x p re s s io n  fo r  the  am pl i tude  of  the  o s c i l l a t i o n s .  We 
w i l l  make mention of  t h e i r  th e o ry  in r e l a t i o n  to  the exper im en ta l  
r e s u l t s  in Chapter  IV.
The e l l i p s o i d  of ho les  has not p r e v io u s ly  been observed with
galvanomagnetic measurements ,  a l though  measurements of  Abeles and 
18Meiboom have given an i n d i c a t i o n  of  i t s  asymmetry. However, c e r t a i n  
o th e r  types  of  measurements have y ie ld e d  in form at ion  concern ing  t h i s
"pocketf 'of  h o le s .  These approaches t o  the problem inc lude  measure-
19 20ments from c y c l e t r o n  resonance,  anamolous sk in  e f f e c t ,  u l t r a s o n i c
21a t t e n u a t i o n ,  and some r e c en t  measurements of  the  de Haas-van Alphen
22e f f e c t  a t  ex t rem ely  low tem pera tu re s .  A comparison o f  the  r e s u l t s  
o f  va r ious  techn iques  w i l l  be given in t a b u l a r  form in Chapter IV.
In 1954, Reynolds, e t  a K 2^ measured the  o s c i l l a t o r y  Hall e f f e c t  
in a s in g l e  c r y s t a l  of  bismuth a t  l i q u i d  helium tem p era tu re s .  An
18
8 . Abeles and S. Meiboom, Phys. Rev. 101, 544 ( 1956) .
19J. K. G a l t ,  W. A. Yager, F. R. M e r r i t t ,  B. B. C e l t i n ,  and A. D. 
B r a i l s f o r d ,  Phys. Rev. 114, 1396 (1959).
on
George E. Smith, Phys. Rev. 115. 15&1 (1959)*
^ D a r r e l l  H. Reneker, Phys. Rev. 115. 303 (1959)*
22N. B. Brandt,  JETP (U.S .S.R.)  ^ 8 ,  1355 ( i 9 6 0 ) .
23J. M. Reynolds, H. W. Hemstreet,  T. E. Le inhard t ,  and D. D. 
T r i a n to s ,  ci£. ci t .
14
a n a l y s t s  o f  t h e i r  d a ta  f o r  th e  magnetic  f i e l d  o r i e n te d  along th e  
t r i g o n a l  a x i s  of  the  c r y s t a l  showed a marked d e v ia t io n  from the  
r e s u l t s  of Schoenberg. At t h a t  t ime,  the  galvanomagnetic theo ry  was 
in such p re l im in a ry  form i t  was thought  t h a t  perhaps t h e  descrepancy 
might stem from inadequac ies  in th e  theo ry .  I t  has s in c e  come to  
mind t h a t  the  e l l i p s o i d s  o f  holes  a r e  mainly r e sp o n s ib le  fo r  th e se  
low tempera ture  o s c i l l a t i o n s ,  and t h a t  the measurements o f  Reynolds,
e t  a ^ . ,  were on the  ho le  e l l i p s o i d  and not  th e  e l e c t r o n  e l l i p s o i d s  of
Schoenberg. The re fo re ,  a t  the  s u g g e s t io n  of  Pro f .  Reynolds, an 
o r i e n t a t i o n  s tudy  of th e  galvanomagnetic  e f f e c t s  in bismuth was 
i n i t i a t e d  t o  map the  Fermi s u r f a c e  and de term ine  the param eters  of 
the  ho le  e l l i p s o i d .  The r e s u l t s  o f  th e se  measurements w i l l  be 
d esc r ib ed  in Chapter IVj*
The theory  of  th e  o s c i l l a t o r y  t h e r m o e le c t r i c  e f f e c t s  is  no t  a t  
a l l  w e l l  e s t a b l i s h e d ,  a l though  some i n s i g h t  i n t o  the problem of the  
l o n g i tu d in a l  e f f e c t  ( t h e r m o e l e c t r i c  power) i s  given by Z i l ' b e r m a n . ^
No quantum theory  of  t h e  t r a n s v e r s e  e f f e c t  (N ern s t -E t t in g sh au sen  e f f e c t )  
has been given.  However, the  c l a s s i c a l  a sym pto t ic  c o n s id e ra t i o n s  of  
th ese  phenomena by Bychkov, Gurevich,  and N e d l i n ^  can be used t o  
compare with  exper im en ta l  r e s u l t s .  in l i g h t  of  these  t h e o r i e s ,  an
a t tem pt  w i l l  be made in  Chapter  IV t o  examine th e  am pl i tude ,  magnetic
f i e l d ,  and tem pera tu re  dependence o f  the exper im en ta l  da ta  fo r  th e se
24
Z i l 'b e rm an ,  op. ci  t .
25Yu. A. Bychkov, L. E. Gurevich,  and G. M. Nedlin,  Sov ie t  Physics  
JETP 32, 377 (I960) .
e f f e c t s .  In a d d i t i o n ,  a comparison o f  the  o s c i l l a t o r y  components of  
th e  l o n g i tu d in a l  c o n d u c t i v i t y  and th e r m o e le c t r i c  e f f e c t  (we use th e  
n o t a t i o n  and e1̂ )  w i l l  be made through the  work of  Z i l 'be rm an .
The corresponding  t r a n s v e r s e  q u a n t i t i e s ,  and e1̂ ,  can be 
exmained us ing  the  t h e o r i e s  of  Bychkov, e t  a l . ,  and L i f s h i t z  and 
Kosevi c h . ^
The Sondheimer-WiIson Theory
A simpler ,  q u a s i - c l a s s i c a l  c o n s id e r a t i o n  of  the  galvanomagnetic  
e f f e c t s  has been given by Sondheimer and W i lso n .2^ For a s in g l e  band,
the  t e n s o r  element i s  given by
e2  V P  r  E3 / 2  %f n
“IS -  ^ . )3/ “ ( T O I  I T  «  <30
o
where f i s  t h e  d i s t r i b u t i o n  f u n c t io n  f o r  th e  charge c a r r i e r s ,  E i s  
the  energy o f  the c a r r i e r s  o f  e f f e c t i v e  mass mj and charge  e (a 
n eg a t iv e  number),  h is  P la n c k 's  c o n s ta n t ,  and t  is  the  e f f e c t i v e  
r e l a x a t i o n  t ime.  The q u a n t i t y  a  is  given by
n, eH
*  “ I E
where H is  th e  e x t e r n a l  magnetic  f i e l d .  For the  Fermi d i s t r i b u t i o n  of
e l e c t r o n s  (or  ho les)  th e  i n t e g r a l  is  e a s i l y  ev a lu a ted  ( t o  a good
approximation)  and the  f i n a l  e x p re s s io n  is
ec




26 L i f s h i t z  and Kosevich, op. ci t .
27'A. H. Wilson, The Theory o f  M eta ls ,  Cambridge U n iv e r s i ty  P re s s ,  
(195*0 P* 2 l 2 f f .
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where i s  th e  number of  c a r r i e r s  per  u n i t  volume and i s  found from
(anlC l ) 3 / 2
n, * — --------  (33)'1 3*
where is  the Fermi energy;  i s  de f ined  by
cm.
H
1 e r 1
<3*0
and is  thus  a " s a t u r a t i o n  f i e l d , 11 i n v e r s e l y  p r o p o r t i o n a l  to  the  
m o b i l i ty  of  the  c a r r i e r s .  For more than one band, Eq. (32) becomes 
s imply
12 H




where th e  s ig n  of  e^ depends upon the  n a tu r e  o f  the  charge c a r r i e r s  
( i t  is  n e g a t iv e  f o r  e l e c t r o n s  and p o s i t i v e  f o r  h o l e s ) .
In an analogous manner, the l o n g i tu d in a l  c o n d u c t i v i t y  t e n s o r ,  
c r ^ ,  can be ob ta ined  from
c3/2
a l l  " (Sn)
3/2
3 * ^
which reduces f i n a l l y  to
ffl l  “  " ec
S  C r " T ' ---------P. I e 0  dE
r f c s+(Ik )2]
HI2 2 *  HyMH
(36)
(37)
From a measure of  the  c o n c e n t r a t i o n  of  ho les  in the  e l l i p s o i d a l  
,,pocke t ,,d i scu s se d  in the  p rev ious  s e c t io n  and an i n d i c a t i o n  of  the 
average  m o b i l i t y  of  th e se  ho les  as  compared t o  th o se  o f  the  e l e c t r o n  
e l l i p s o i d s  of  Schoenberg, one can have some in s i g h t  i n t o  the  behav io r  
of  the  Hall e f f e c t .  I t  i s  seen t h a t  the  " s a t u r a t i o n  f ie ld s ,"  Hj,
*See "The Fermi Hole E l l i p s o i d , "  Chapter tV.
corresponding  t o  each type of  c a r r i e r s  (see  Eq. (35))> Have the  same 
r a t i o  as do the  average m o b i l i t i e s  of t h e  c a r r i e r s .  Thus one may 
expec t  a r e v e r s a l  o f  s ign  o f  t h e  Hall e f f e c t  a t  some value  of the  
magnetic  f i e l d .  The ex p e r im e n ta l ly  observed a r e  d iscussed  in 
terms o f  th e  Sondheimer-WiIson Theory in Chapter IV.
CHAPTER II
THE BISMUTH CRYSTAL AND EXPERIMENTAL APPARATUS
The Bi smuth C ry s ta l
The s i n g l e  c r y s t a l  of  bismuth was grown from s p e c t r o s c o p i c a l l y  
pure  bismuth metal  purchased from Johnson, Matthey and Co.,  L td . ,  
London.
A c r y s t a l  in the  form o f  a c y l i n d r i c a l  ingot  was grown by
caus ing  a mold c o n ta in in g  molten bismuth t o  emerge s low ly  from a
s p e c i a l l y  co n s t ru c te d  fu rn ace .  This fu rnace  was b u i l t  and d esc r ib ed  
28by Hemstreet.  The furnace  was moved v e r t i c a l l y  upward by a motor 
d r iv en  screw a t  a c o n s ta n t  r a t e  of  approx imate ly  3 c e n t im e te r s  pe r  
hour w i th  r e s p e c t  to  the  s t a t i o n a r y  mold. The mold was s imply a 
75 c e n t im e te r  length  of  18 m i l l im e te r  c y l i n d r i c a l  pyrex tub ing  which 
had been c lo se d  a t  the  lower end by p u l l i n g  i t  t o  a p o i n t .  P r io r  to  
the  c lo s in g  o f  t h e  lower end the  g la s s  was c leaned  by p a s s in g  v a r io u s  
c le a n in g  s o lu t i o n s  through the  tube: F i r s t ,  the  tube was f lu shed
w ith  c o n ce n t ra ted  n i t r i c  a c id ,  then co n c en t ra te d  potass ium hydroxide ,  
and f i n a l l y  a 5 pel" cen t  s o lu t i o n  of  h y d r o f lu o r i c  a c id .  The tube  was 
r in s e d  thoroughly  with d i s t i l l e d  water  a f t e r  each a p p l i c a t i o n  of  
c le an in g  s o l u t i o n .
28 H. W. Hemstreet,  D i s s e r t a t i o n ,  Louis iana S ta te  U n iv e r s i ty ,  1956.
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The bu lk  bismuth was c leaned f i r s t  with  ace tone  and then e tched 
with  a d i l u t e  s o lu t i o n  of  n i t r i c  a c id .  A f te r  the  e t c h in g  process  
th e  bismuth was p laced  in s id e  th e  tube  along w i th  a few cubic  
c e n t im e te r s  of  s i l i c o n e  f l u i d  (Dow-Corning 550)* The purpose of  the  
s i l i c o n e  f l u i d  was two fo ld :  i t  served  to  p reven t  o x id a t io n  o f  th e
mol ten bismuth ,  and i t  wet the g l a s s  and thus  i n h i b i t e d  any secondary 
seed ing  of  the  ingot  a f t e r  the  o r i g i n a l  seed (a t  the  t i p )  had began 
t o  grow. i t  may be po in ted  out  t h a t  the  s i l i c o n e  f l u i d  is  not 
a b s o lu t e l y  e s s e n t i a l  as many s u c c e s s fu l  c r y s t a l s  have been grown by 
evacu a t in g  the  mold t o  p reven t  o x id a t io n .  However, i t  was found t h a t  
the  p resence  of  the  f l u i d  made th e  process  much s im pler  and produced 
more s a t i s f a c t o r y  r e s u l t s .  That i s  t o  say,  the  secondary  seeding  of  
the  ingot  ceased to  be a g r e a t  problem a f t e r  the  i n t r o d u c t i o n  of the  
s i l i c o n e  f l u i d  into th e  p rocess .  N ev e r th e le ss ,  s e v e ra l  a t t em p ts  were 
n ecessa ry  t o  grow a s a t i s f a c t o r y  ingo t .
•fa
The c r y s t a l  s t r u c t u r e  of bismuth is rhombohedral.  The u n i t  c e l l  
o f  bismuth then can be thought of  as  a s l i g h t l y  d i s t o r t e d  cube. An 
a x i s  of  t h r e e  fo ld  symmetry c o in c id e s  with the  d i r e c t i o n  of  one of 
the  cube body d iag o n a ls .  In a d d i t i o n  to  t h i s  t r i g o n a l  a x i s  t h e r e  a re  
two o th e r  types  of  symmetry. There a re  th r e e  tw o-fo ld  axes of  symmetry 
(Binary axes)  a l ig n ed  a t  120 degrees  t o  each o th e r  and a l l  ly ing  in a 
p lane  p e rp e n d ic u la r  t o  the  t r i g o n a l  a x i s .  Also, t h e r e  i s  th e  s o - c a l l e d  
b i s e c t r i x  a x i s  of  symmetry. The bismuth s t r u c t u r e  has t h r e e  of  th e se  




For t h i s  s tudy  i t  was d e s i r e d  t o  c o n s t r u c t  a s i n g l e  c r y s t a l  in 
th e  form of  a r i g h t  p a r a l l e l e p i p e d  with the  axes of  th e  c r y s t a l  o r i e n te d  
as shown in  Fig. 1. The t r i g o n a l  a x i s  i s  p a r a l l e l  to  the  smal l  
dimension and the  b i s e c t r i x  is  p a r a l l e l  t o  the  la rge  dimension o f  the  
c r y s t a l ,  i t  may be noted t h a t ,  f o r  s i m p l i c i t y ,  the  c r y s t a l  was 
designed t o  approximate  a f l a t  r e c t a n g u la r  p l a t e .
The d e s i r e d  c r y s t a l  was achieved in the  fo llowing  manner: th e
ingot  was removed from the g la s s  mold by a t t a c k i n g  the  g la s s  w ith  
c o n cen t ra ted  h y d r o f lu o r i c  ac id  f o r  a p e r io d  of  s e v e ra l  hours .  Then 
the  ingot was e tched in a d i l u t e  s o lu t i o n  of  n i t r i c  a c id .  A f te r  
e t c h in g  i t  was p o s s i b l e  t o  determine v i s u a l l y  whether or  not the  ingot  
was a s i n g l e  c r y s t a l .  This i s  t r u e  because the  r e f l e c t i v i t y  o f  the  
s u r f a c e  depends r a t h e r  s t r o n g l y  on the  ang le  the  i n c id e n t  l i g h t  makes 
w ith  the  c r y s t a l .  Thus a v i s u a l  examination of the  s u r f a c e  r e v e a l s  
q u i t e  c l e a r l y  the  p resence  of  secondary  c r y s t a l s  ingrown in to  the  
ingo t .  A f te r  o b ta in in g  a s in g l e  c r y s t a l ,  th e  o r i e n t a t i o n  of  the  axes 
was e a s i l y  determined by c leav in g  the  ingot  w i th  a sharp  b lade whi le  
hold ing  i t  immersed in a bath  of  l i q u id  n i t ro g e n .  The p r i n c i p a l  
c levage p lane  in bismuth is  the  p lane in which the  b in a ry  axes l i e .
That is  t o  say,  the p r i n c i p a l  c levage  p lane is  p e rp e n d ic u la r  t o  the  
p r i n c i p a l  ( t r i g o n a l )  a x i s .  There a re  a l s o  secondary  c levage  p lanes  
which l i e  in the  d i r e c t i o n s  of  th e  b in a ry  axes and p e rp e n d ic u la r  t o  the 
p r i n c i p a l  c levage  p la n e .  Therefore  when the  ingot  is  c leaved the 
d i r e c t i o n s  o f  th e  t h r e e  b in a ry  axes show up as l in e s  on the c levage  
s u r f a c e  i f  the  c levage  i s  not p e r f e c t l y  smooth. I t  i s  t h e r e f o r e
TRIGONAL AXIS 
BINARY AXIS
|  BISECTRIX AXIS
(2)
THE SYMMETRY AXES OF THE 
BISMUTH CRYSTAL
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p o s s i b l e  t o  de termine  the  o r i e n t a t i o n s  of a l l  the  symmetry axes of 
th e  c r y s t a l  by v i s u a l  i n s p e c t io n .  In p r a c t i c e ,  the  p r i n c i p a l  c levage  
p lane  was found by t r i a l  and e r r o r ,  and th e  s i n g l e  c r y s t a l  ingot  was 
c leaved  i n t o  two approximate ly  equal  p a r t s .  Then, guided by th e  l in e s  
of  secondary c levage ,  the  r e c t a n g u la r  c ro s s  s e c t io n  of  th e  d e s i r e d  
c r y s t a l  was determined and marked on the  f l a t  c levage f ace  of  the  
h a l f  ingo t .  Then the  fo u r  s id e s  of  the  c r y s t a l  p e rp e n d ic u la r  t o  the  
c levage  face  were cu t  w ith  a w a te r -co o led  carborundum saw. The s i x t h  
and f i n a l  f ace  of  the  c r y s t a l  was then  ob ta ined  by beg inn ing  a t  the  
p o in t  most remote from th e  i n i t i a l  f ace  and r e p e a t e d ly  c le a v in g  smal l 
th i c k n e s s e s  away u n t i l  the  d e s i r e d  specimen was ach ieved .  The obvious 
purpose o f  t h i s  l a s t  s tep  was t o  avoid any p o s s i b l e  s t r a i n  in the  
f i n i s h e d  specimen. F i n a l l y ,  th e  specimen was e tched  in  d i l u t e  n i t r i c  
a c id  and su b je c te d  t o  an X-ray exam inat ion .  The purpose  o f  the Laue 
photographs was two fo ld :  the  f i n i s h e d  c r y s t a l  was examined fo r
p o s s i b l e  s t r a i n  and the  o r i e n t a t i o n  of th e  c r y s t a l l i n e  axes was 
conf irmed.
In the  specimen chosen f o r  t h i s  s e r i e s  of  exper iments  the 
dimensions  were 2 ^ .3  x 6 .9  x 2 .5  m i l l i m e t e r s .
Suspension of  the  C r y s ta 1
In o rd e r  t o  m a in ta in  the  bismuth c r y s t a l  a t  l i q u i d  helium 
tem p era tu re s ,  a c r y s t a l  chamber of  the des ign  shown in Fig. 2 was 
c o n s t r u c t e d .  The c r y s t a l  was a t t a c h e d  a t  one end to  the  copper ho lder  
by a copper clamp held  by two b ra s s  screws.  Thermal c o n ta c t  was 
enhanced by a l i g h t  l a y e r  o f  s i l i c o n e  vacuum g rease  between copper
23
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and bismuth .  E l e c t r i c  i s o l a t i o n  of th e  c r y s t a l  was e f f e c t e d  by
i n s u l a t i n g  the  p o r t i o n  of  the c r y s t a l  to  be clamped with  c i g a r e t t e
paper .  The upper end o f  the  c r y s t a l  h o ld e r  was reduced in c ro ss  s e c t io n ,
th read ed ,  and screwed f i rm ly  i n t o  th e  lower end of the  suppor t ing
copper p o s t .  With t h i s  arrangement i t  was p o s s i b l e  t o  use a v a r i e t y  of
c r y s t a l  ho lde rs  with  t h e  one suspens ion  system, a l though  the  ho lder
shown in the  Fig. k  was the  on ly  one needed f o r  t h i s  s e r i e s  of
exper im ents .  A b ra s s  tube with an opening in the  c y l in d e r  w al l  was
so ld e red  t o  the  upper end of  th e  copper p o s t .  To th e  top o f  t h i s  tube
was a t t a c h e d  a r a d i a t i o n  t r a p  and f i n a l l y  a t h i n  w al led  s t a i n l e s s
s t e e l  tube .  The e l e c t r i c  leads from th e  c r y s t a l  were brought  through
an a x i a l  bore in th e  copper p o s t  i n t o  th e  b r a s s  tube  and f i n a l l y  out
in to  th e  surrounding  l q i u i d  helium ba th  through a s h o r t  leng th  of
3 / l 6 - in c h  copper tub ing  which was so ld e re d  to  the  s id e  opening of the
tube .  The vacuum s e a l  was made a t  t h i s  p o in t  by c lo s in g  w i th  epoxy
r e s i n  (S ty ca s t  2850  GT). This vacuum s e a l  was p r e v io u s ly  proven
s a t i s f a c t o r y  and d e s c r ib e d  in d e t a i l  in  th e  a r t i c l e  of  B a la in  and 
29Bergeron. A c y l i n d r i c a l  b ra s s  j a c k e t  su p p l ie d  the  o u te r  w a l l  fo r  the  
c r y s t a l  chamber. I t  was a t t a c h e d  by the  f la n g e  a t  i t s  upper end t o  
a n o th e r  f la n g e  which was so ld e red  around the  c i rcum ference  of  the  copper 
p o s t  near  i t s  upper end. Note in Fig. 2 t h a t  a p o r t i o n  of t h e  copper 
pos t  ex tends  o u t s id e  t h e  chamber and i s  in c o n ta c t  w i th  the  l iq u id  
helium. A 2h c a r a t  2h gauge gold "O' 1 r in g  was used to  make the  vacuum 
s e a l  between the  two f l a n g e s ,  i t  i s  seen t h a t  the  a x i a l  bore in the
29 K. S. Bala in  and C. J .  Bergeron,  Rev. Sci .  I n s t r .  30. 10^8 (1959)*
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copper pos t  served  the  dual ro le  o f  a vacuum l i n e  from the  c r y s t a l  
chamber and a passage f o r  e l e c t r i c  leads  from the  c r y s t a l  chamber i n t o  
the  l i q u i d  helium ba th .
The vacuum in the  c r y s t a l  chamber was ach ieved  by a f o r e  pump and 
d i f f u s i o n  pump f la n g e  connected to  t h e  upper end o f  the s t a i n l e s s  
s t e e l  tube.  The e l c t r i c  leads  emerging f r a n  the  exp<Jxy s e a l  were 
taped  to  the  out  wall  o f  the  s t a i n l e s s  s t e e l  tube  and brought  t o  the  
cap o f  the l i q u i d  helium b a th .  They were then  passed  in to  the  
atmosphere through a s h o r t  length o f  3 / 8 " copper tub ing  and f i n a l l y  a 
s h o r t  length  of  rubber  vacuum hose which was clamped a t  th e  upper end.
A small  q u a n t i t y  of s i l i c o n e  vacuum g rease  in s id e  the  rubber  tube in 
th e  region o f  clamping was s u f f i c i e n t  f o r  th e  vacuum s e a l .  The leads  
were then passed through a p l a s t i c  s p a g h e t t i  i n s id e  a f l e x i b l e  m e t a l l i c  
s h i e l d  to  the  measuring ap p a ra tu s .  This  suspens ion  system is  included 
in Fig. 3- 
The He 1i urn Chamber
The b a s ic  f e a t u r e s  of  the helium system used fo r  th ese  exper iments
a r e  i l l u s t r a t e d  in Fig. 3- Temperatures of  l i q u i d  helium lower than
4.2°K were o b ta in ed  by pumping on th e  helium ba th  with a Kinney high 
c a p a c i ty  vacuum pump. The pumping r a t e ,  and hence the  p r e s s u re  in the  
chamber, was c o n t r o l l e d  by squeezing th e  rubber evacua t ion  tube with  a 
v i s e .  For convenience,  th e  v i s e  was d r iven  by a p a f r  of Selsyn motors ,
one connected through a gear  arrangement to  the  v i s e ,  the other loca ted
near  the manometers.  With t h i s  arrangement the  tem pera ture  s t a b i l i t y  
was adequate  f o r  exper iments  under d i s c u s s io n .  The p re s su re  in the
26
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helium chamber was moni to red  by o i l  and mercury manometersj connec t ion  
was made t o  t h e  helium system through a T - s e c t io n  in the  same 3 /8  inch 
copper  tube t h a t  was used to  b r in g  th e  e l e c t r i c a l  leads  i n t o  the  
atmosphere (see  assembly number 2 in Fig. 3 ) .  The helium chamber and
30pumping system described here  were i n s t a l l e d  and f i r s t  used by Bergeron. 
The Thermometers and Heater
The carbon r e s i s t a n c e  thermometers  and a s s o c i a t e d  measuring
c i r c u i t  a r e  e s s e n t i a l l y  th e  same as  those  used by Zebouni and d e s c r ib e d
31in h i s  t h e s i s .  f u r t h e r  in fo rm at ion  on the use o f  th e  carbon r e s i s t o r s
32f o r  thermometers  can be had in th e  a r t i c l e  of  Clement and Quinnel.
Two p a i r s  of 5 0  ohm (room tem pera tu re  r e s i s t a n c e ) ,  1/10 w a t t  A l len -  
B rad ley  r e s i s t o r s  were s e l e c t e d  by n o t in g  the  tem pera tu re  c h a r a c t e r i s t i c s  
in the  l i q u i d  helium range o f  a group of th e se  r e s i s t o r s .  These r a d io  
type  r e s i s t o r s  have p r o p e r t i e s  which render  them q u i t e  u s e fu l  as 
tem pera tu re  measuring dev ices  in exper iments  such as those  under 
d i s c u s s io n :  The ir  r e s i s t a n c e  v a r i e s  r a p id ly  with  tem pera tu re  in the
l i q u i d  helium range,  th ey  a r e  r e l a t i v e l y  i n s e n s i t i v e  t o  the  measuring 
c u r r e n t  and e x t e r n a l  magnet ic  f i e l d s ,  and they  have a small  thermal  
capaci  ty .
The fo u r  r e s i s t o r s  s e l e c t e d  were coated  w i th  an e l e c t r i c  i n s u l a t i n g  
compound (Sherwin-Williams Co.,  Newark, N .J . )  and in s e r t e d  i n to  snug 
f i t t i n g  copper  j a c k e t s .  To each j a c k e t  was s o ld e re d  a s h o r t  len g th  of
3°C. J .  Bergeron, D i s s e r t a t i o n ,  Louisiana S t a t e  U n iv e r s i ty ,  1959* 
^ 1N. H. Zebouni,  D i s s e r t a t i o n ,  Louisiana S t a t e  U n iv e r s i ty ,  1961 .
^2J.  R. Clement and E. H. Q y inne l l ,  Rev. Sci* I n s t r .  23 , 213 (1952).
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number 28 copper wire which provided a thermal lead from the  j a c k e t  
t o  the  bismuth c r y s t a l .  The therma.l leads were j o in e d  to  th e  c r y s t a l  
wi th  a s p e c i a l l y  p repared  bismuth s o ld e r  composed of  50  pe r  cent  
bismuth^ 25 per  cen t  t i n  and 25 per  cen t  lead .  The m el t ing  p o in t  o f
t h i s  s o ld e r  i s  approximate ly  110°C, and thus  could be s a f e l y  used
a g a i n s t  the  bismuth c r y s t a l .  This mounting provided good thermal 
c o n ta c t  a a d ^ e l e c t r i c  i n s u l a t i o n  between the  thermometers and the  c r y s t a l .  
Two e l e c t r i c  leads  of Advance number 40 r e s i s t a n c e  wire  were then
connected to  each end o f  the r e s i s t o r ;  one p a i r  of  leads was used to
pass  a c u r r e n t  through the  r e s i s t o r ,  th e  o th e r  p a i r  being fo r  
measurement o f  the  p o t e n t i a l  a c ro ss  the  r e s i s t o r .
The source  of h ea t  c u r r e n t  thfcough the  c r y s t a l  was provided by 
winding approximate ly  12 inches o f  number 40 Advance s i l k - c o t t o n  
i n s u l a t e d  r e s i s t a n c e  wire  around the  lower end of  the  bismuth c r y s t a l .
The h e a t e r  was held  in c lo s e  c o n ta c t  w ith  the  c r y s t a l  by a s o lu t i o n  of
Dupont Duco Cement th inned  with  ace to n e .  Two leads  were then a t t a c h e d
t o  e i t h e r  end o f  the  h e a t in g  c o i l ;  one p a i r  fo r  pass ing  c u r r e n t ,  and 
the o th e r  p a i r  f o r  v o l t a g e  measurements.  The h e a te r  and thermometers
a re  shown a t t a c h e d  to  t h e  c r y s t a l  in Fig. 4.
Magnets
The magnetic  f i e l d s  r e q u i re d  f o r  t h i s  s e r i e s  of  exper iments  ranged 
from z e r o  co n t in u o u s ly  to  16 k i lo g a u s s .  These f i e l d s  were achieved by 
us ing  th r e e  d i f f e r e n t  magnets.
In the  range from z e ro  t o  25 gauss the  f i e l d s  were produced by 
Helmholtz c o i l s  of  33 c en t im e te r  r a d iu s .  C a l i b r a t i o n  o f  the  c o i l s  gave
I .9 6  gauss p e r  ampere.
ThermometerCopper Clamp
Heater
Copper  Post Crystal ■Thermometer
CRYSTAL HOLDER NUMBER I
For the  range of 25 t o  2500 gauss a smal l p o r t a b l e  i ron  co re  magnet 
w i th  3 5 /8  inch po le  p ieces  and a 2 inch  a i r  gap was used. As no 
c o o l in g  f a c i l i t y  was b u i l t  i n t o  t h i s  magnet,  the  c u r r e n t  was l im i te d  
t o  1.5 amperes.  C a l ib r a t i o n  of  t h i s  " i n t e r m e d i a t e  range" magnet with  
a n u c le a r  resonance f luxm ete r  gave an approx im ate ly  l i n e a r  dependence 
o f  f i e l d  on c u r r e n t ,  with I 765  gauss f o r  one ampere o f  c u r r e n t .  The 
r e s i d u a l  magnetism was e s t im a te d  a t  25 gauss (hence the need f o r  the  
H e lm h o l t z c o i I s ) .
The high f i e l d  measurements were made j n  the  1 5 /8  inch a i r  gap 
of  an i ron core  Weiss magnet w ith  8 inch po le  p i e c e s .  The magnet was 
f r e e  t o  r o t a t e  about  a v e r t i c a l  a x i s ,  and could  be p o s i t i o n e d  with  
approximate ly  1/4 degree accuracy .  A c a l i b r a t i o n  was made toward the  
beg inn ing  of the  s e r i e s  of  measurements us ing  the  nuc lea r  resonance 
f lu x  meter .  Fig. 5 is a p l o t  of t h i s  c a l i b r a t i o n .  I t  i s  seen t h a t  the  
f i e l d  i s  l i n e a r  with  c u r r e n t  (2 .97 k i lo g au ss  pe r  ampere) up t o  
approximate ly  33 amperes.  The r e s i d u a l  magnetism is  in the  neighborhood 
of  50 gauss.  A schemat ic  and d e s c r i p t i o n  of  th e  c o n t r o l  c i r c u i t  is  
g iven  by Ali. With t h i s  c o n t r o l  c i r c u i t  the  magnet could be ranged 
from approximate ly  1 t o  18 k i lo g au ss .
A continuous f i e l d  sweep was p o s s i b l e  f o r  each of  the two i ron  Core 
magnets by d r iv in g  a v a r i a b l e  h e l i p o t  in the  c o n t r o l  c i r c u i t - w i t h  a 
c lo c k  motor.  The magnet c u r r e n t s  were monitored by observ ing  the  
v o l t a g e  a c ro ss  a 0.01 ohm s tan d a rd  r e s i s t o r  w ith  a Rhodes v o l tm e te r -  
p o te n t lo m e te r  ( S e n s i t iv e  Research Instrument  Corp . ,  New York).
33S. A. A l i ,  D i s s e r t a t i o n ,  Louisiana S t a t e  U n iv e r s i ty ,  1958*
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Measurinq C l r c u l t s
The e l e c t r i c  c u r r e n t  leads were connected  d i r e c t l y  t o  each end o f  
th e  c r y s t a l  w i th  the  bismuth s o ld e r .  The c i r c u i t  f o r  maintaining.. . the 
c r y s t a l  c u r r e n t  c o n s i s t e d  simply o f  a 12 v o l t  b a t t e r y  in s e r i e s  w ith  
a r e s i s t a n c e  box, a 1 ohm s tanda rd  r e s i s t o r ,  and th e  c r y s t a l .  The 
c u r r e n t  was measured by no t ing  th e  d i f f e r e n c e  in p o t e n t i a l  a c ro ss  the  
s tan d a rd  r e s i s t o r  w i th  a Rhodes v o l tm e te r - p o te n t io m e te r .
The e l e c t r i c  p o t e n t i a l  leads o f  Advance number AQ r e s i s t a n c e  wire  
were p laced  in c o n ta c t  with the c r y s t a l  by s o ld e r in g  them to  the  
thermal  leads  o f  the  thermometers .  They were then  taken ou t  of  th e  
system in the  manner p r e v io u s ly  i n d i c a t e d  and connected  d i r e c t l y  to  a 
Rubi con m ic ro v o l t  p o ten t io m e te r  (Model 2768 , Mmeapoli s-Honeywel 1 Reg. 
Co.,  P h i l a d e l p h i a ) .  Voltages were determined by feed ing  the  o f f -  
ba lance  of  the  p o te n t io m e te r  through a L is ton-Becker  dc b reaker  
a m p l i f i e r  (L is ton-Becker  ins t rument  Co., I n c . ,  Stamford, Conn.),  then 
through a v o l t a g e  d i v i d e r ,  and i n t o  a Brown re co rd e r  (Minneapolis-  
Honeywell Co., Minneapolis ,  Minn.) .  Spec ia l  ca re  was taken in t h i s  
v o l t a g e  measuring c i r c u i t  t o  avoid  any spu r ious  e l e c t r i c  grounds,  as  
w el l  as  thermal  f luc tua t ions  which would produce unwanted p o t e n t i a l s .  
This record ing  c i r c u i t  was i d e n t i c a l  w ith  t h a t  shown in the  lower p a r t  
of  the  Fig. 6 .
In s e t t i n g  up th e  thermometer c i r c u i t  we were c a r e f u l  t o  choose 
r e s i s t a n c e  thermometers  of  s i m i l a r  tem pera tu re  c h a r a c t e r i s t i c s  (see 
Fig. 7 ) .  This was done in o rde r  t h a t  a p a i r  of  thermometers  ( e i t h e r  
th e  l o n g i tu d in a l  o r  th e  t r a n s v e r s e  p a i r )  could e a s i l y  be employed in a
b r id g e  c i r c u i t  f o r  con t inuous  measurement o f  th e  t em p era tu re  d i f f e r e n c e
34
w ith  i n c r e a s i n g  magnet ic  f i e l d  as  d e s c r ib e d  by Zebouni.  i t  was 
l a t e r  found t h a t  a t  t h e  c r y s t a l  tem pera tu re s  used t h i s  arrangement  
was not necessa ry .  A p o i n t  by p o i n t  measurement of  thermometer 
t em p era tu re  was s u f f i c i e n t .  This  being  th e  c ase ,  t h e  c i r c u i t  f o r  the  
l a t e r  measurements was somewhat s i m p l i f i e d .  Fig. 6  shows th e  c i r c u i t  
t h a t  was used. The v a r i a b l e  r e s i s t a n c e  (90-100 kiloohms) was a d j u s t e d  
so t h a t  i d e n t i c a l  c u r r e n t s  passed  through each thermometer .  The 
v o l t a g e  a c ro ss  each o f  the  two r e s i s t o r s  could  then be measured w i th  
a K-2 p o te n t io m e te r .  The m i c r o v o l t  p o te n t io m e te r  which was used in 
the  e a r l y  exper iments  bu t  l a t e r  found t o  be u n necessa ry  was i n s e r t e d  
in th e  d iag o n a l  of  t h e  b r id g e  as  shown.
The h e a t e r  c u r r e n t  c i r c u i t  (not shown) c o n s i s t e d  o f  a s e r i e s  
arrangement  of  the  h e a t e r ,  a v a r i a b l e  r e s i s t a n c e  box, a m i l l iam m eter ,  
and a 12 v o l t  b a t t e r y .  The v o l t a g e  a c ro s s  the  h e a t e r  was measured 
w i th  a Rhodes v o l t m e t e r - p o t e n t i o m e t e r .
The key s ig n a l  c i r c u i t ,  a t e l e g r a p h  key w i th  a ty~> v o l t  b a t t e r y  
which en e rg iz ed  an RC c i r c u i t ,  was used in a l l  exper im en ts  in v o lv in g  
magnetic  f i e l d  sweeps. I t s  purpose  was t o  superimpose smal l  v o l t a g e  
" p ip s "  on the  r e c o rd e r  s h e e t  c o r re spond ing  t o  s p e c i f i c  v a lu es  o f  
magnet c u r r e n t .
34
N. H. Zebouni,  op . ci t .
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CHAPTER I I I  
EXPERIMENTAL PROCEDURE
General P re p a ra t io n s
Much of  th e  genera l  p r e p a r a t i o n  f o r  an experiment  a t  l i q u i d  helium 
tem pera tu res  has become q u i t e  r o u t i n e  in t h i s  lab o ra to ry .  For t h i s  
reason ,  d e t a i l e d  c o n s id e r a t i o n  w i l l  be made only of  those  p r o c e s s e s  
which a r e  p e c u l i a r  t o  th e  measurements of the  e f f e c t s  pu t  f o r t h  in 
Chapter  I.
In a l l  o f  th e  exper im en ts ,  the  c r y s t a l  assembly was p r e - c o o le d  
to  tem pera tu res  near  t h a t  of l i q u i d  n i t r o g e n  fo r  a p e r io d  o f  fou r  
hours o r  longer .  This p rocess  involved  evacua t ing  the i n t e r s p a c e  in 
the  double w al l  o f  th e  helium dewar, s e a l in g  o f f  t h a t  vacuum w ith  the  
s topcock (see Fig. 3 ) ,  and f i l l i n g  th e  o u te r  dewar with l i q u i d  n i t ro g e n .  
A f t e r  t h i s ,  the  p r e v io u s ly  evacua ted  helium chamber was f i l l e d  with  
helium gas t o  a p r e s s u re  s l i g h t l y  more than atmospher ic .  The helium 
gas served  t o  exchange h ea t  between th e  c r y s t a l  assembly and th e  
l i q u i d  n i t ro g e n .
C ry s ta l  Alignment
The o r i e n t a t i o n  of  the  bismuth c r y s t a l  with r e sp e c t  t o  t h e  magnet ic 
f i e l d  was determined by v i s u a l  means. Usual ly ,  in exper im en ts  of  t h i s  
type ,  th e  c r y s t a l  o r i e n t a t i o n  can be lea rned  by a s imple s tu d y  o f  the  
magnitude of one of  the  t r a n s p o r t  e f f e c t s  f o r  d i f f e r e n t  o r i e n t a t i o n s
35
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of  the  magnetic  f i e l d . ^ * ^  This could  not be done f o r  bismuth s in c e  
th e  maxima and minima o f  t h e  t r a n s p o r t  e f f e c t s  w i th  r e s p e c t  t o  
c r y s t a l  o r i e n t a t i o n  a r e  not s u f f i c i e n t l y  sharp .
The upper s u r f a c e  of  the  helium chamber cap,  which was r i g i d l y  
f ix e d  with r e s p e c t  to  th e  c r y s t a l ,  was marked w i th  a s t r a i g h t  l i n e ,  
w i th  o r i e n t a t i o n  p a r a l l e l  t o  the t r i g o n a l  a x i s  of the  c r y s t a l .  The 
o r i e n t a t i o n  o f  t h i s  l i n e  was b e l ieved  t o  be a c c u r a t e  w i th in  0 . 2  degrees .  
A f te r  the  suspens ion  system had been p laced  in p o s i t i o n  fo r  t h e  e x p e r i ­
ment,  a f r o n t  s i l v e r e d  g l a s s  m ir ro r  was p laced  on the  cap w i th  the  
o r i e n t a t i o n  o f  th e  mark. Visual  a l ignment  o f  the  magnet was then  
performed with  the  a id  of  t h e  m i r ro r .  A c a r e f u l  o r i e n t a t i o n  s tu d y  o f  
the  galvanomagnetic e f f e c t s  l a t e r  showed t h a t  th e  a l ignment of  the  
c r y s t a l  in the  high f i e l d  magnet was approx im ate ly  1 .7  degrees  from 
the d e s i r e d  o r i e n t a t i o n ,  i t  i s  f e l t  t h a t  a l ignm ent  o f  the  c r y s t a l  in 
th e  lower f i e l d  magnets had about the  same degree  o f  accuracy .
The Galvanomagneti c E f f e c t s
For the  measurement o f  th e  galvanomagnet ic  e f f e c t s  the  c r y s t a l  
chamber was no t  s e a l e d  vacuum t i g h t .  In s tead ,  an opening o f  one or 
two m i l l i m e t e r s  was l e f t  t o  connect  th e  c r y s t a l  chamber w ith  th e  
surround ing  l i q u i d  helium b a th .  The o u te r  can would have been removed 
comple te ly  had i t  not  been f o r  the p o s s i b i l i t y  o f  i n ju ry  t o  t h e  d e l i c a t e  
c r y s t a l  assembly while  i n s e r t i n g  o r  removing i t  from the  helium dewar.
^N. H. Zebouni,  op. ci t .
36 C. J .  Bergeron, op. c i t .
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The galvanomagnet ic  measurements were thus made with  the  c r y s t a l  in 
d i r e c t  c o n ta c t  w i th  l i q u i d  helium t o  in su re  i so therm al  c o n d i t i o n s .
A f te r  the  l i q u i d  helium had been t r a n s f e r r e d  in to  the  system,, 
the  c i r c u i t s  involv ing  th e  c r y s t a l  were checked fo r  c o n t i n u i t y .  (Due 
to  the  r a d i c a l  tem pera tu re  change in  one in s t a n c e ,  c o n ta c t  was l o s t  
between a v o l t a g e  lead and the  c r y s t a l  a t  the  p o i n t  where t h e  v o l t a g e  
lead was so ld e red  to  th e  thermal l e a d . )  Then th e  reco rde r  t r a c e  was 
c a l i b r a t e d  by manually vary ing  th e  ou tpu t  of  the  m ic rovo l t  p o t e n t i o ­
meter .  The "h igh  f i e l d "  d a ta  was taken by a l low ing  the r e c o rd e r  t o  
e s t a b l i s h  a wel l  de f ined  z e ro  va lue  and then  (with c u r r e n t  in the 
c r y s t a l )  tu rn in g  on the magnet ic f i e l d  and sweeping i t  s t e a d i l y  over 
i t s  range. Voltage " p ip s "  were superimposed a t  the magnet c u r r e n t  
va lues  co r responding  to  th e  s m a l l e s t  d i v i s i o n s  on the  s c a l e  of  the  
v o l tm e te r  used to  monitor  th e  c u r r e n t .  At the  end of a sweep the  
f i e l d  was tu rned  o f f ,  and the  recorder  was aga in  allowed to  e s t a b l i s h  
i t s  ze ro  va lue .
A few seeps were a l s o  taken  in t h i s  same manner with the  small 
magnet, a l though  a p o in t  by p o in t  techn ique  proved s u f f i c i e n t  fo r  the  
g r e a t e r  p a r t  of the  in te rm ed ia te  f i e l d  d a ta .  Likewise, th e  very  low 
f i e l d  da ta  (using the  Helmholtz c o i l s )  were taken  a t  i n t e r v a l s  of 
approximate ly  2  gauss.
For the  o r i e n t a t i o n  s tudy  r e f e r r e d  to  in Chapter I ,  a number o f  
sweeps with  the  high f i e l d  magnet were performed.  For t h e s e  sweeps the  
magnetic f i e l d  was p o s i t i o n e d  a t  i n t e r v a l s  of  approximate ly  6  degrees
i
over a range of  n ea r ly  7O degrees  in  e i t h e r  d i r e c t i o n  from the  t r i g o n a l  
a x i s  o r i e n t a t i o n .
All  d a ta ,  w ith  the excep t ion  o f  th e  o r i e n t a t i o n  s tudy ,  was taken
with the  magnetic f i e l d  o r ie n te d  p a r a l l e l  to  th e  t r i g o n a l  a x i s  of th e
1
c r y s t a l .  In o rd e r  to  compensate f o r  p o s s ib le  misal ignment of  the
probes,  data  was taken fo r  both p o s i t i v e  and nega t ive  va lues  of the
magnetic fl ield . The a n a l y s i s  of t h i s  w i l l  be g iven in Chapter IV.
The Thermoelectr ic  Power and E t t ingshausen-N erns t  E f fec t
The techniques  fo r  measurement o f  these  thermomagnetic p o t e n t i a l s
were e s s e n t i a l l y  the  same as  fo r  the  galvanomagnetic e f f e c t s  with a few
excep t ions :  The c r y s t a l  chamber was sea led  vacuum t i g h t  and mainta ined
“ 6a t  a p re s su re  of about 2  x 10 m i l l im e te r s  of mercury. The zero  
v a lue  on the  reco rde r  t r a c e  was ob ta ined  with th e  hea te r  c u r r e n t  o f f ,  
a lthough t h i s  procedure was overlooked in some o f  the e a r l i e r  sweeps.
A p a r t  of a l a t e r  exper imental  run was used to  o b ta in  measurements t o  
c o r r e c t  t h i s  d e f i c i e n c y .  The temperature  of th e  c r y s t a l  was measured 
with the carbon r e s i s t a n c e  thermometers.
The Thermometer C a l ib r a t io n
A s p e c i a l  exper imental  run was e n t i r e l y  devoted to  an a cc u ra te  
c a l i b r a t i o n  of the  four  thermometers.  A s teady  ( l e s s  than  1 per  cen t  
v a r i a t i o n )  c u r r e n t  of  a few microamperes was passed  through the r e s i s t o r s .  
Then, corresponding to  v a r io u s  temperatures  of t h e  thermometers,  the v o l ­
tage ac ross  each o f  them in tu rn  was measured with  a K-2 type po ten t iom ete r .  
This c a l i b r a t i o n  curve is  shown in Fig. 7 . The tem pera tu re  of  the 
thermometers was obta ined  by not ing th e  vapor p r e s s u re  of  the  l iq u id  
helium with mercury and o i l  manometers. This p r e s s u re  was converted to
Ll ,3r7
temperature  by the  "1958 He Scale of  Temperatures ."  '
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The Thermal E f f e c t s
As mentioned in Chapter  I I ,  an a t tem p t  was made t o  o b ta in  a 
reco rd  of  t h e  t em pera tu re  d i f f e r e n c e s  between each s e t  of  the  two 
p a i r e d  thermometers  f o r  a cont inuous  sweep o f  the  magnetic  f i e l d .  No 
o s c i l l a t i o n s  in e i t h e r  e f f e c t  were observed a t  t h e  tem pera tu res  
i n v e s t i g a t e d .  This be ing  th e  case ,  t h e  b r id g e  c i r c u i t ,  which was 
des igned  t o  feed  i t s  unbalance to  th e  input  o f  th e  m ic ro v o l t  p o t e n t i o ­
mete r ,  was no t  used f o r  the  l a t e r  exper im ents .  The thermal c o n d u c t iv i t y  
was measured s imply by p a s s in g  a known hea t  c u r r e n t  through th e  c r y s t a l  
and ob se rv in g  th e  d i f f e r e n c e  in tem pera tu re  developed between the 
l o n g i t u d i n a l  thermometers .  A r e p e a t  of  th e  exper iment  was necessa ry  
t o  o b t a i n  t h i s  da ta  when e r r a t i c  r e s u l t s  were d e te c te d  in the  a n a l y s i s  
o f  t h e  f i r s t  run. The t r o u b l e  seemingly stemmed from a d e t e r i o r a t i o n  
in t h e  h e a t e r  c o n ta c t  t o  the c r y s t a l ,  a f t e r  ag ing and repea ted  
tem pera tu re  c y c l in g  between room tem pera tu re  and l i q u i d  helium 
tem p era tu re .  The f a u l t y  c o n ta c t  was r e p a i r e d ,  and the  second run 
produced c o h e ren t  r e s u l t s .  Data was taken  a t  four  d i f f e r e n t  tem pera tu res  
in t h e  range 4.2°K to  2°K. For g r e a t e r  p r e c i s i o n ,  the  s lo p e  of the  
thermometer c a l i b r a t i o n  curve was a c c u r a t e l y  de termined in the  region 
of  each  o f  t h e  fo u r  p o i n t s  by a l low ing  th e  tem pera tu re  of t h e  helium 
ba th  t o  s low ly  d e c rease  and determ in ing  th e  tem pera ture  a t  s e v e ra l  
p o i n t s  in each o f  th e  fo u r  reg ions  o f  i n t e r e s t .  This c a l i b r a t i o n  was 
done w i th  th e  h e a t e r  o f f .  Because the  tem pera ture  o f  the c r y s t a l  was 
s low ly  changing whi le  t h e  measurements of tem pera tu re  d i f f e r e n c e  were 
being made, g r e a t e r  accu racy  was ob ta ined  by a l t e r n a t i n g  tempera ture
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measurements between th e  l o n g i t u d i n a l  thermometers  and t a k in g  th e  
measurements a t  e q u a l l y  spaced i n t e r v a l s  of  t ime.
Measurement of  the  thermal  c o n d u c t i v i t y  were no t  needed f o r  
d i f f e r e n t  va lu es  o f  magnetic  f i e l 4  as  i t  was found t h a t  a t  z e r o  
f i e l d  th e  e l e c t r o n  c o n t r i b u t i o n  to  t h e  c o n d u c t i v i t y  was l e s s  than  
o n e - h a l f  o f  one per  c e n t  of  t h e  t o t a l .  No measurable  tem p era tu re  
d i f f e r e n c e  in the  t r a n s v e r s e  thermometers  (Righi-Leduc e f f e c t )  was 
d e t e c t e d .
CHAPTER IV 
RESULTS AND CONCLUSIONS
The Fermi Hole E l l i p s o i d
The method f o r  o b ta in in g  the  e c c e n t r i c i t y  o f  the Fermi e l l i p s o i d  
i s  drawn from Eq. (3°) of  Chapter  I. I t  i s  seen from t h i s  t h a t  the 
ex tremal  a rea  of  i n t e r s e c t i o n  o f  the  e l l i p s o i d  with  a p lane  perpen­
d i c u l a r  t o  t h e  magnet ic f i e l d  can be determined simply by measuring 
t h e  per iod  o f  the o s c i l l a t o r y  Hal l e f f e c t  o r  m ag ne to res is tance .  That 
i s ,
SM  “ ^ a T T T h T  (38)
To s tudy  th e  proposed e l l i p s o i d a l  Fermi s u r f a c e  then ,  one must 
measure A(1/H) f o r  v a r ious  o r i e n t a t i o n s  of  t h e  f i e l d  H w i th  re spec t  
t o  th e  axes o f  the  bismuth c r y s t a l .  Recal l  from Chapter I t h a t  the 
major  a x i s  of  the  e l l i p s o i d  i s  assumed to  be o r i e n t e d  along the 
t r i g o n a l  a x i s  of the  c r y s t a l .  Most i n v e s t i g a t o r s  have assumed t h a t  
th e  e l l i p s o i d  is  c i r c u l a r  in c ro ss  s e c t io n  when viewed along the 
t r i g o n a l  a x i s .  That i s  to  say, the  Fermi s u r f a c e  i s  taken t o  be t h a t  
o f  a p r o l a t e  sphero id  ly ing  a long  th e  t r i g o n a l  a x i s .  This c i r c u l a r  
symmetry is  implied from a) th e  q u a d r a t i c  dependence of  t h e  e l l i p s o i d  
in the  x -z  and y-z p lanes  coupled with b) the  requirement of  t h r e e ­
f o ld  symmetry in the  x -y  p lane .  There is  some evidence from the  work
k2
n Q
o f  Friedman and Koenig t h a t  the  c ro s s  s e c t i o n  i s  not c i r c u l a r .  I t
i s ,  however, not w el l  e s t a b l i s h e d .  The argument p re se n ted  here is
f o r  th e  p r o l a t e  sphero id  model.
The measurements of  th e  p e r io d  were made a t  v a r io u s  o r i e n t a t i o n s
in the  p lane  c o n ta in in g  the  t r i g o n a l  a x i s  and one b in a ry  a x i s  ( the
3-2  p l a n e ) .  This geometry is  shown in Fig. 8 . In th e  f i g u r e , ^  is
the  ang le  between the  t r i g o n a l  a x i s  and th e  magnetic  f i e l d ,  a and b
a r e  th e  semi-minor axes ,  and c i s  t h e  semi-major  a x i s  o f  the  proposed
e l l i p s o i d .  The shaded a rea  i s  S ( t  ) ,  th e  ex t rem al  a rea  of  i n t e r s e c -  r m 3o
t i o n  o f  the  e l l i p s o i d  and the  p lane  p e r p e n d ic u la r  t o  the  magnetic
f i e l d  H. The v a r i a b l e  r is t h e  semi-major  a x i s  of  the  e l l i p t i c a l
s u r f a c e  S ( t  ) .  For the  case  ilr *  0, i t  i s  seen t h a t  r * b. Notice m'*o '
t h a t  the  e l l i p s o i d  is  shown wi th  momentum c o o r d i n a t e s .  These 
c o inc ide  in d i r e c t i o n  w i th  th e  space  c o o rd in a te s  shown a t  the  r i g h t  
in the  f i g u r e .
For t h i s  o r i e n t a t i o n  s tudy  th e  sweeps were taken  a t  1.8°K in 
o rd e r  to  o b t a in  more pronounced o s c i l l a t i o n s .  The p e r iods  were 
ob ta ined  from magnet ic f i e l d  sweeps f o r  both  th e  m agne to re s is ta nce  
and th e  Hall e f f e c t .  The Hall e f f e c t  measurements were used fo r  v a lu es  
o f  w i th in  th e  range of  about ± 30 degrees .  Then f o r  l a r g e r  va lu es  
o f  i  (where th e  t r a n s v e r s e  v o l t a g e s  were becoming in c r e a s in g ly  h a rd e r  
t o  d e t e c t )  t h e  sweeps were taken  of  the m a g n e to re s i s ta n c e .  A 
d e te rm in a t io n  of the  p e r i o d i c i t y  can be had by p l o t t i n g  the  r e s i s ­
t i v i t y  e lement p . j  in f u n c t io n  o f  the  in v e rse  magnetic  f i e l d  1/H.
■^Friedman, A. N., and Koenig, S. H., l.B.M. Jour .  4,  I58  ( i 9 6 0 ) .
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This  p e r i o d i c i t y  is  i l l u s t r a t e d  in Fig. 9 where the  Hal l r e s i s t i v i t y  
Pgj  <s given fo r  2 . 1°K. This  p rocedure  f o r  p e r io d  a n a l y s i s  i s ,  
however,  q u i t e  unnecessary  as  one needs only  t o  examine th e  curves  in 
th e  v i c i n i t y  o f  the r e s i s t i v i t y  maxima (and /or  minima) t o  a r r i v e  a t  
the  p e r io d .  This s im p le r  p rocedure  was followed:  The raw v o l t a g e
d a ta  were taken d i r e c t l y  from the  r e co rd e r  t r a c e  and examined fo r  
maxima an d /o r  minima. Then, f o r  each v a lu e  of the  va lu es  of  1/H 
cor responding  to  s u c c e s s iv e  maxima were p l o t t e d  a g a i n s t  s u c c e s s iv e  
i n t e g e r s .  The s lope  of  th e  r e s u l t i n g  curve (a s t r a i g h t  l in e )  gives  
th e  va lue  of the  pe r io d .  Three of th ese  p l o t s  corresponding  t o  th r e e  
d i f f e r e n t  va lues  o f  iir a r e  given in Fig. 10. Data of  the  pe r io d  
d e te rm in a t io n  by t h i s  method f o r  a l l  v a lu e s  of  i  i n v e s t i g a t e d  a r e  
l i s t e d  in Appendix 2. I t  can be observed in Fig. 10 t h a t  fo r  l a r g e r  
v a lu es  of  |  a c e r t a i n  d i f f i c u l t y  a r i s e s  in the  a n a l y s i s :  the
o s c i l l a t i o n s  observed on the  r ec o rd e r  t r a c e  a r e  due not only  t o  the 
hole  e l l i p s o i d  under i n v e s t i g a t i o n ,  bu t  a l s o  the p resence  o f  o th e r  
e l l i p s o i d s  ( those  o f  Schoenberg).  Notice t h a t  the  presence '  o f  t h i s  
longer  pe r iod  superimposed upon th e  p e r io d  due to  the  hole  e l l i p s o i d  
causes  a p e r i o d i c  e r r o r  in the  e x a c t  d e te rm in a t io n  o f  the  maxima and 
minima corresponding  to  the  hole  e l l i p s o i d .  A s imple c o n s id e ra t i o n  
shows t h a t  t h i s  p e r i o d i c  e r r o r  i s  j u s t  the  per iod  o f  the  i n t e rv e n in g  
e l l i p s o i d .  With t h i s  c o n s id e r a t i o n ,  we s imply draw the  median l in e  
o f  the  p e r i o d i c a l l y  o s c i l l a t i n g  p o in t s  t o  determine the  t ru e  s lo p e  of  
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A simple  t r ig o n o m e t r i c  c o n s id e ra t i o n  o f  the  e l l i p s o i d  in 
combinat ion with  Eq. (3 8 ) y i e l d s  a l i n e a r  dependence of  the  square  of 
the  p e r io d  on th e  square  o f  cos ine  if. S p e c i f i c a l l y ,  i t  i s  seen t h a t
A p l o t  o f  the da ta  o b ta in ed  from th e  f i e l d  sweeps fo r  both  p o s i t i v e
curve i n d i c a t e s  t h a t  t h e  Fermi s u r f a c e  i s  indeed an e l l i p s o i d .  There
d e p a r tu re  of  th e  Fermi s u r f a c e  from t h a t  of  an e l l i p s o i d  f o r  va lues
examined by our techn ique .  The exper im en ta l  p o in t s  in Fig. 11 were 
a d ju s t e d  to  c o r r e c t  fo r  misal ignment  of  the  magnet with  r e sp e c t  to  
the  t r i g o n a l  a x i s .  An ad jus tm en t  of  I . 70  was found t o  g ive  the  b e s t  
f i t  o f  th e  p o in t s  t o  the  s t r a i g h t  l i n e .  The i n t e r c e p t  of the  curve
f i e l d  a long  the  t r i g o n a l  a x i s  (ty * 0 ) .  Both i n t e r c e p t s  were examined 
us ing  Eq. (3 8 ) t o  f ind  the  extreme c ro s s  s e c t i o n a l  a re a s  of  the  
e l l i p s o i d  in momentum space .  These v a lu es  a re  l i s t e d  in T a b l e !  
along w i th  o th e r  parameters  p e r t a i n i n g  to  the  e l l i p s o i d .  The volume 
o f  th e  e l l i p s o i d  is  given by
(39)
and n e g a t iv e  va lu es  o f  is  given in Fig. 11. The l i n e a r i t y  o f  the
39i s  some ev idence  from t h e  work of Brandt ,  el: a_l. t h a t  t h e r e  is  a
o f  |i |r | >  750 . This d e p a r tu r e  was not  mentioned in a l a t e r  p u b l i c a t i o n
40concern ing  presumably the  same exper im en ta l  d a t a .  This was not
“ '5 -  \gives  A ( l /H )  =« I .5 2  x 10 gauss f o r  the  pe r iod  with  the  magnetic
(40)
39 Brandt ,  N. B., Dubrovskaya, A. E . ,  and Kytin, G. A.,  JETP
(USSR) 3 2 ,  572 (1959).
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and i s  found to  be V * 4 .9 7  * 1 0 ^  gm^cm^sec The number of
s t a t e s  (holes)  per  u n i t  volume pe r  e l l i p s o i d a l  pocket was computed
4 lfrom the  d e n s i t y  of  s t a t e s  r e l a t i o n
n® ■ 2 = 0 .343 x 10*® holes /cm^ (41)
hJ
where h is  P lan c k 's  c o n s ta n t ,  and the  f a c t o r  o f  2 a r i s e s  from the  
f a c t  t h a t  the c a r r i e r s  a r e  Fermions. The number of ho les  per atom 
per  pocket  is
n® » 1 .21  x 10 ^ ho les /a tom  (42)
V
where p is  th e  d e n s i ty  o f  bismuth,  M i s  t h e  atomic weigh t ,  and Aq is
Avogadro's  number. For the  e f f e c t i v e  masses o f  the h o le s ,  one can
wr i t e
7  s Ji <S> -  pxpz “  px J <4 3)
1  S ll <E> = PXPy -  Px
where the  p a r a l l e l  ( H )  a n d ■ p e rp e n d ic u la r  ( X )  d i r e c t i o n s  a re  taken 
with  r e sp e c t  t o  the  major  axes o f  the  e l l i p s o i d .  I t  fo l lows t h a t  
the  r e l a t i o n s
£ 4 ^  -  A l i .  m
Sy s >  mj-
e x i s t  between th e  p e r io d s ,  the  ex t rem al  c ro ss  s e c t i o n a l  a r ea s  o f  the  
e l l i p s o i d ,  and th e  e f f e c t i v e  masses.
In o rde r  t o  de te rm ine  the  o th e r  parameters  of  the  hole  e l l i p s o i d ,  
one must look f u r t h e r  a t  the  th eo ry  of  the  o s c i l l a t o r y  phenomena.
41 Dekker, A. J . ,  S o l id  S t a t e  P h y s ic s .  P r e n t i c e - H a l l ,  I n c . ,  1957*
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L i f s h i t z  and Kosevich have r e l a t e d  the  o s c i l l a t o r y  p a r t  of  the  
galvanomagnet ic e f f e c t s  t o  the  o s c i l l a t i o n s  o f  th e  magnet ic  moment 
(de Haas-van Alphen e f f e c t )  through th e  magnitude of th e  c l a s s i c a l  
m o b i l i ty  t e n s o r .  The r e s u l t s  a l low  us t o  w r i t e  very  approximate ly  
(we a r e  u s ing  only th e  f i r s t  term o f  a h igh ly  convergent  i n f i n i t e  
s e r i e s )  fo r  the  o s c i l l a t o r y  p a r t  of  th e  r e s i s t i v i t y  t en so r
i / o  2it2 kT  2ttP
ApIJ o c  H1/ 2Te" P H s in  ( - - ^ g  + S)
i f  fo r  the  tem pera tu res  and f i e l d s  under c o n s id e ra t i o n  th e  h y pe rbo l ic  
s in e  can be rep laced  by the  ex p o n e n t i a l  term, see  above. In Eq. (45),  
k is  Boltzmann's c o n s ta n t ,  £0  is  the  Fermi energy,  p* i s  the  
e f f e c t i v e  double Bohr magneton
^  m*c 3
and & is  a phase f a c t o r  which w i l l  be cons ide red  in g r e a t e r  d e t a i l  
l a t e r  in t h i s  c h a p te r .  In spec t ion  o f  Eq. (45) g ives  the  exp ress ion
A 4 )  -  f -  (1.6 )
f o r  the  p e r io d  o f  o s c i l l a t i o n .  The ampli tude o f  t h e o s c i l l a t i o n s  is
reduced i f  account  i s  taken  of  a p o s s i b l e  broadening o f  th e  energy
4^
le v e l s  due to  c o l l i s i o n s  or  o th e r  causes .  Dingle J has shown t a a t  the 
e f f e c t  o f  th e  broadening t h a t  would correspond t o  a c o l l i s i o n  time t c
i s  as i f  the  tem pera ture  T were inc reased  by an amount x where
h
X “  jtkt o
(47)
^ D i n g l e ,  R. B. ,  Proc.  Roy. Soc. (London) A211, 500 (1952).
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44Reynold^ e t  a U , have determined a v a lu e  o f  p* f o r  bismiith us ing
the  above c o n s id e r a t i o n s ,  and a r r i v e d  a t  t h e  value
- 1 9p* » 3 .0  x 10 e r g /g a u s s  .
f o r  th e  t r i g o n a l  a x i s  o r i e n t a t i o n .  This  a n a l y s i s  was done by s tu d y in g
th e  tem pera tu re  dependence of th e  ampli tude  o f  th e  o s c i l l a t i o n s  f o r
s e v e ra l  d i f f e r e n t  tem pera tu res  and f i e l d s .  A Dingle tem pera tu re  of
x « 0 .5  degree was used. Our own a n a l y s i s  t o  de term ine  the  va lue
of  m* (and thus  p*0 i s  given l a t e r  in t h i s  c h a p te r  in  the s e c t io n
concerned with  the f u r t h e r  a n a l y s i s  o f  th e  o s c i l l a t o r y  phenomena. Our
a n a l y s i s  is  somewhat s im pler  (and p o s s i b l y  more a c c u r a t e )  as  we r e t a i n
the  hyp e rb o l ic  s in e  r a t h e r  than r e p la c in g  i t  by t h e  e x p o n en t ia l  and
examine th e  v a r i a t i o n  of  the  o s c i l l a t i o n  ampli tude  w i th  tem pera tu re
f o r  f ix e d  va lues  of  magnet ic f i e l d .  The Fermi energy  was c a l c u l a t e d
from Eq. (46) us ing  th e  ex p e r im e n ta l ly  de termined va lues  of  A ( l /H )
and mjk • The va lue  o f  m^ i s  determined w i th  Eq. (44) .  Table 1
gives  the  va lues  of v a r io u s  parameters  f o r  the  ho le  e l l i p s o i d  as
determined in t h i s  work. R esu l t s  on th e  same e l l i p s o i d  by o t h e r
i n v e s t i g a t o r s  us ing  va r ious  techn iques  a r e  a l s o  l i s t e d  fo r  comparison.
I t  i s  seen t h a t  the  agreement i s  q u i t e  good in a l l  c a s e s .  The r e c en t  
45work of Brandt in de te rm in ing  these  parameters  from ex trem ely  low
tem pera tu re  de Haas-van Alphen s tu d i e s  a f f s f d s  us a r a t h e r  complete
l i s t  o f  parameters  f o r  comparison. The va lues  of  m ^ an d  ob ta in ed
46by Reynolds, e t  ajU a r e  e s s e n t i a l l y  t h e  same as th o se  ob ta ined  in  the  
p r e se n t  i n v e s t i g a t i o n .
44Reynolds, e t a d . , o p . c i t .
45 Brandt,  N. B.,  op. ci t .
46Reynolds, e t  a K , op. ci  t .
Table 1
Data From Various Measurements on the Fermi Hole E l l ip so id
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Analys is  o f  th e  Energy Bands with  Sondheimer- Wi Ison Theory
The q u a s i - c l a s s i c a l  ex p ress io n s  f o r  th e  e l e c t r i c  c u r r e n t  d e n s i ty
_s» ' —*• ly7
J a n d . th e  h e a t  c u r r e n t  d e n s i t y  w* a r e  g iven  by 1
"j *= e /v fdE (48)
and
w* = e/vEfdE (49)
where v is  t h e  group v e l o c i t y  of the  e l e c t r o n s ,  E i s  the  energy
of the  e l e c t r o n s ,  and f  i s  the  d i s t r i b u t i o n  fu n c t io n  of the  e l e c t r o n s .
In e q u i l ib r iu m  the  f  i s  s imply the  Fermi d i s t r i b u t i o n  fu n c t io n ,  but
in genera l  one must w r i t e
f  = f  + f ,  o 1
where f j  is  a p e r t u r b a t i o n  term which depends upon th e  e l e c t r i c  f i e l d
•A  ^  i
E and the n e g a t iv e  tem pera tu re  g r a d i e n t  G. J and w* a r e  r e l a t e d  t o  the 
E and G by Eq. (7 ) .
In the  Sondheimer-WiIson approach we co n s id e r  th e  e f f e c t  o f  a 
number of bands or  "pocke ts"  o f  c a r r i e r s .  The energy s u r f a c e s  of 
th e  pockets  a r e  assumed to  be q u a d r a t i c  in momentum space .  The 
a n i so t ro p y  o f  the  pockets  w i l l  be cons ide red  l a t e r  in t h i s  d i s c u s s io n .  
An a n a l y s i s  o f  the  exper im en ta l  d a ta  has led  to  the assumption o f  th e  
e x i s t e n c e  o f  t h r e e  d i f f e r e n t  bands o f  e l e c t r o n s  and two bands of  holes  
( inc lud ing  th e  hole  e l l i p s o i d  we have j u s t  d iscu s se d  i n .the p receed ing  
s e c t i o n ) .  For the  f i v e  bands, then ,  th e  e g r e s s i o n s  fo r  the  
q u a n t i t i e s  o f  i n t e r e s t  a t e
47Wilson, A. H., op. ci t .
55
a l l ~ ^ k  [ ' l 1)+ ' P >+ ' P )+ > P * J  (50)
|  ' t *  + I , f * ~  I p * *  i t * -  I p * ]  (51)
12 3« % k
p" a  
£ 11
e"
1 2  3AP
) [ , ' ■ ’ *  f ’ <?>] M
1  t o )
where the  s u p e r s c r i p t s  on the  i ' s  r e f e r  t o  the d i f f e r e n t  bands. The
he i ^  a re  
mQ oo c3 /2
/g\
e x p re s s io n s  fo r  th vp/
i (P) =» -  fan ) 3 /2  - f i  I  E ... &  dE f-54)i t a V  -fi Jv r  . 2 . ,m& ~ i  se
T + S ’ J
. < «  -  -  ( 9 . ^ 3 / *  „  H  *  (55)
. W  -  -  ( a 0 3 / s  “ C r T - i ^  I  d E '  ^5 n o p ,  (_ g _ )2 J  3E
In the  above ex p ress io n s
„  eH 
a  “  he *
The d i s t r i b u t i o n  f u n c t io n s  f f o r  the  i ^  and i ^  a r e  f o r  ho le s .  For 




In the  s o lu t i o n  o f  the  cr.j we use the  f i r s t  o rde r  approximation  of
p lac in g  f  equal  to  the  Fermi d i s t r i b u t i o n  s te p  f u n c t io n  and o b ta in  
f  n l n2 nZi nR T
°12  * e c ^J 2  2 "" ~ 2 2 + 2 2 ” ~2 2 + 2 2 J  ^
Hl + H H2+ H H3+ H H4+ h hJ + h J
f V ] _  +  +  + J V ^ L  +  7 (5g )
 ̂ H?+ H2  H2+ H2  H?+ H2  H?+ H2  H?+ H2  J
where we have assumed t h a t  r  i s  independent of E. These s o lu t i o n s  have 
been d iscussed  in Chapter I. For the  s o lu t i o n s  o f  the  e ' . \ ; the 
i n t e g r a t i o n  gives  z e ro  in the  f i r s t  o rde r  approximation  of  r e p la c in g  
th e  d i s t r i b u t i o n  f u n c t io n  by th e  s tep  f u n c t io n .  We then tu rn  t o  the 
second o rd e r  approximation  f o r  the  Fermi d i s t r i b u t i o n  f u n c t io n  no t ing  
the  r e l a t i o n
2 „ .2 .
(60)
The i n t e g r a t i o n  g ives
„  ■ A 2cT r  H _  + . H , _ ^ 2  + H, ^  + __H  % + H„ ,  ^  ]
12 2  * H2+ H2  ^1 H2+ H2  ^2 H2+ H2  ^3 H2+ H2  ^4 h |+  H2  ^5 ■»
(61)
2, 2n k cT£ “  ---------- f  H1 " l  , h 2  ° 2  S  \  %  H?  %  7
11 2 I H2+ h2  S j h2+ h2  52  h2+ h2  ;  h2+ h2  H2+ H2  J J
1 2 3 M- 5
(62)
i f  we aga in  assume t h a t  the  time o f  r e l a x a t i o n  r  is  independent o f  the 
energy E. In g e n e r a l ,  we must take
Then, f o r  p <ji 0— and th e r e  is  i n d i c a t i o n  t h a t  i t  l i e s  in th e  range
-  <  p. <  0^®— the ex p re ss io n  f o r  is
a  - 5 * 4  £  a  +  f  < * >Ld d p*\  H >  IT *0 J P Hi+  H
P P
The corresponding  e x p re ss io n  fo r  e*^ is  somewhat more d i f f i c u l t  to
o b ta in  bu t  w i l l  have c h a r a c t e r i s t i c s  s i m i l a r  t o  Eq. (6 2 ) .  In the 
p receed ing  eq u a t io n s  one should note  t h a t  Eq. (33) a p p l i e s  to  each 
band.
The f i v e  bands which have been p r e se n ted  have energy s u r f a c e s
( in  momentum space)  which a r e  not  i s o t r o p i c  and p r e se n t  d i f f e r e n t
e f f e c t i v e  masses in d i f f e r e n t  d i r e c t i o n s .  In t h e  p receed ing  e q u a t io n s ,
an average  m o b i l i t y  has been assumed fo r  each  band. The a n i s o t r p p i c
e f f e c t s  can be made compatib le  w i th  t h i s  p r e s e n t a t i o n  by t a k in g
d i f f e r e n t  e f f e c t i v e  number o f  c a r r i e r s  in d i f f e r e n t  d i r e c t i o n s  f o r
each band. I t  can be shown t h a t  f o r  a s e t  of th r e e  or  s i x  e l l i p s o i d s
( the  Shoenberg e l e c t r o n  e l l i p s o i d s )  symm etr ica l ly  d i s t r i b u t e d  in
momentum space ,  one can wri t e
a 0n 0H_
l+q 5 0
where the  is  a *i*we! ghti  ng" f a c t o r .  Note t h a t  the  e x p re s s io n
fo r  (710 i s  not a l t e r e d .  We r e p ea t  t h a t  th e  f a c t o r  a Q e n t e r s  i n t oIfc p
the  e x p re s s io n  to  accoun t  fo r  the  q u a d r a t i c  energy s u r f a c e s  ly in g  in
the  b a sa l  p lane  ( 1 -2  p lan e )  of th e  c r y s t a l  in which th e  measurements
a r e  made. The m^ g iven  in the  Sondheimer-WiIson th eo ry  r e p re s e n t  the
e f f e c t i v e  c y c lo t ro n  masses of  th e  v a r ious  bands and cannot  be used
d i r e c t l y  t o  ob ta in  th e  average m o b i l i t i e s  in the  b a sa l  p lane df th e
energy s u r f a c e s  a r e  e^acitnaqpii c. Note t h a t  f o r  the  ho le  e l l i p s o i d
(p=»3 ) d esc r ib ed  in t h e  previous  s e c t i o n ,  t h e  c ross  s e c t io n  of  th e
Fermi s u r f a c e  in the  b a s a l  p lane  i s  c i r c u l a r ,  implying t h a t  f o r  t h i s
pocke t ,  a^ -  1* In g e n e r a l ,  a l l  pockets  which a r e  not c i r c u l a r  in the
b a sa l  p lane  must be “weigh ted ' 1 w i th  the  a a in o rder  t o  ob ta in  th e
P
c o r r e c t  ex p re ss io n s  f o r  t h e i r  c o n t r ib u t i o n s  t o  the c o n d u c t i v i t i e s .
For t h e se  measurements on bismuth,  we quote  th e  r e s u l t s  fo r  G a l t ,
a l . , w i th  a = 10.6 5 , Shoenberg w i th  a * 10 . 17, Azbel and Kamer w ith
*31a = 8 .9 6  and Abeles and Meiboom w ith  a = 3*22 fo r  th e  e l e c t r o n  
pocket  of t h r e e  or s i x  e l l i p s o i d s .
In the  a n a l y s i s  o f  th e  exper im en ta l  d a ta  fo r  the  s e v e ra l  bands ,
52we must s a t i s f y  the  c o n d i t io n s
f  / 0 -  e c j /jn j  + a2n£ + a3"3 + V *  + a5n5jf (&l)
and
4q
^Abeles ,  B.,  and Meiboom, S . ,  Phys. Rev. 101, (1956).
1 - . 1   .
From th e  exper im en ta l  d a ta  we o b t a i n
i  a fln -  2 .1 2  x 10 l 8 /cm3 . (6 9 )
f * l  P P
The bu lk  of  exper im en ta l  ev id en ce  p o in t s  to  the model with s i x  
e l e c t r o n  e l l i p s o i d s  and two hole e l l i p s o i d s .  I t  would be extremely 
d i f f i c u l t  f o r  us t o  account  fo r  0 .6 8  holes /cm (presen t  da ta )  and
O.7 8  e l e c t ro n s /cm ^  (Sboenberg ) — o r  even f o r  the  .0.5 5  e l e c t ro n s /c m
5kas  proposed by G a l t ,  e t  a±. — i f  we take t h e  value  o f  a to  be in th e
neighborhood of 10 as  p r e v io u s ly  in d ic a te d  and t r e a t  t h e  e l e c t r o n s  as
a s i n g l e  band. Even in the case o f  th re e  e l e c t r o n  e l l i p s o i d s  and one
hole  e l l i p s o i d  which has been d i s c a rd e d ,  we s e e  th a t  t h e  sum of th e
e f f e c t i v e  number o f  e l e c t r o n s  p lu s  the  number of  holes  i s  c o n s id e rab ly
18 ^g r e a t e r  than the  2 .1 2  x 10 /cm which we f i n d  i f  a «  10. In the
a n a l y s i s ,  i t  seems t h a t  one should  s t r i v e  t o  a) m a in ta in  the sum of
th e  e l e c t r o n s  in th e  v a r io u s  pocke ts  to  be equa l  to  t h e  t o t a l  number
o f  e l e c t r o n s  in the  Shoenberg e l l i p s o i d s ,  and b) m a in ta in  the number
of  ho les  equal  t o  th e  number of  e l e c t r o n s .  Fur thermore, in the a n a l y s i s ,
we s t r i v e  t o  have th e  proposed model f i t  t h e  exper im en ta l  curve in th e
fo l lo w in g  c h a r a c t e r i s t i c s :  l)  t h e  r e s id u a l  c o n d u c t i v i t y  a t  H = 0,
f f , , ( r e s id u a l )  *  ec g —{j-*= , (7 0 )
11 f> H0
2 ) t h e  s lope  of  th e  c r ^  curve a t  the  o r ig i n ,
5 qi•"^Shoenberg, op. ci t .
5k^  G a l t ,  e t  _al,.,  op . ci t .
6o
(71)
and 3) the  p o in t  a t  which the  s ig n  r e v e r s a l  in the Hal l  e f f e c t  ta k e s  
p la c e .
The r e s u l t s  o f  our  a n a l y s i s  (curve f i t t i n g )  of t h e  bands i s  t o  
be taken as  no th ing  more than an i n d i c a t i o n  of  the t r u e  na tu re  o f  the  
band s t r u c t u r e .  B e t t e r  p r e c i s i o n  and c a l c u l a t i n g  dev ices  would be 
necessa ry  t o  o b t a in  a s a t i s f a c t o r y  f i t  to  the exper im enta l  d a ta .  The 
c a l c u l a t i o n s  i n d i c a t e  t h a t  a high degree  of  p r e c i s io n  in the  d e t e r ­
m ina t ion  of th e  Hp i s  n ecessa ry  f o r  a c c e p ta b l e  r e s u l t s ;  o th e rw ise ,  
t h e r e  is  a g r e a t  deal  of  im prec is ion  in the  d e te rm in a t io n  of th e  va r ious  
param eters .  An approximate s e t  of  bands has been o b ta in e d  by s e t t i n g  
the  param eters  a ^  = 1. This approximation  i s  not com ple te ly  
unreasonable  f o r  the  approach we a r e  t a k in g  s in c e  the  Shoenberg 
e l l i p s o i d s  a r e  not  taken as one pocket  bu t  r a t h e r  a r e  broken down 
i n t o  t h r e e .  The v e l o c i t y  modula t ion due to  the a n i s o t r o p y  i s  then 
not  n e a r ly  so  g r e a t  as  in the  case  of  th e  s in g l e  e l e c t r o n  band. The 
s e t  o f  bands is  as fo l low s :  th e re  a r e  t h r e e  bands o f  e l e c t r o n s  w ith
I Q  o
Hj *  24 gauss,  n^ a  0 .1 8  x 10 /cm
1 ft Q
Hg * 125 gauss,  n^ * O.3 9  x 10 /cm 
* 400 gauss,  n^ = O.3 5  x 10*®/cm^
(72)
and two bands of holes  with
Ĥ ' = 250  gauss ,  n^ * 0 .6 8  x 10  ̂-/cm^ 
Hj. *  2500  gauss ,  n^ = 0 ,45  x 10*®/cm^.
(73)
6 l
There i s  no apparen t  reason  why, i f  t h e r e  a r e  indeed th r e e  d i s c r e t e  
bands o f  e l e c t r o n s ,  they  would not have been d e te c te d  by the  de Haas- 
van Alphen s t u d i e s .  We do no te ,  however, t h a t  the  t o t a l  number of  
e l e c t r o n s  here  is  approximate ly  t h a t  expected  by the  s ix  e l l i p s o i d  
model. Also, the  sum o f  n^ and ng is  approx im ate ly  the  number of  
e l e c t r o n s  found by c y c lo t ro n  resonance s t u d i e s  (nfi ■ O.5 5  x l O ^ / c m ^ ) . ^  
I t  i s  sugges ted  t h a t  t h e r e  i s  a p o s s i b l e  e x p la n a t io n  f o r  t h e s e  des -  
c r e p a n c ie s .  We co n s id e r  the  th re e  Shoenberg e l e c t r o n  e l l i p s o i d a l  
pockets  and f o r  t h i s  argument suppose t h a t  t h e r e  is  s t r o n g  e l e c t r o n -  
e l e c t r o n  i n t e r a c t i o n  between the  e l e c t r o n s  o f  the  d i f f e r e n t  e l l i p s o i d s .  
The r e p r e s e n t a t i o n  of t h i s  s e t  of  t h r e e  e l l i p s o i d s  in the b a s a l  p lane  
is  a l s o  a r e p r e s e n t a t i o n  o f  the o r b i t s  in v e l o c i t y  space .  The t h r e e  
e l l i p s o i d s  a re  shown superimposed upon one ano the r  in Fig. 12.
Consider  two d i f f e r e n t  e l e c t r o n s  a r r i v i n g  a t  the  p o i n t  A on two 
d i f f e r e n t  e l l i p s o i d a l  pa ths  as shown in th e  f i g u r e .  The c o n d i t io n s  
f o r  a c o l l i s i o n  w i th  exchange of momentum a re  very  f a v o ra b le  s i n c e  the  
va lues  of | v | ,  J p |  and 5 a r e  the  same f o r  each of the  e l e c t r o n s .
I f  they  do exchange momentum, t h e i r  r e s p e c t i v e  o r b i t s  w i l l  be 
modified and w i l l  r e s u l t  in th e  form shown in the  f i g u r e .  Of co u r se ,  
many combinations  a r e  p o s s ib l e .  In the  f i g u r e ,  only the  main o r b i t a l  
systems a r e  shown and l ab e led  (1 ) ,  (1 1) ,  and (4).  The i n i t i a l  e l l i p t i c a l  
o r b i t  is  labe led  (2 ) .  The time requ i red  f o r  a complete  cyc le  on one
62
F ig .  12
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o f  the  main o r b i t s  shown in the  f i g u r e  i s  o b ta in ed  q u i t e  s imply  s in c e  
the  r a t i o  of  major t o  minor a x i s  f o r  t h e  e l l i p s e  i s  known (1 0 :1 ) .  We 
then  have fo r  the  o r b i t  t ime
TjSTj. iTg- .T^ OC 1: 1: 6:16
where we have the  approximate  va lues
Hj ■ 25  gauss  Hg = 150 gauss
25 gauss * 400 gauss
Under th e  same assumption i t  should  be expected  t h a t  n^ »  8 n^ which 
is  no t  the  case .  N ev e r th e le ss  t h i s  p i c t u r e  o f  decomposed o r b i t s  is  
only  a crude p i c t u r e  as the  c o n d i t i o n  J v |  | p |  £ i d e n t i c a l  fo r  two
i n t e r a c t i n g  e l e c t r o n s  i s  a l s o  s a t i s f i e d  f o r  o th e r  p o i n t s  than  A.
L e t ' s  say t h a t  i t  may r e p r e s e n t  an ave rag in g  p r o b a b i l i t y ,  e x p la in  
the  s p l i t t i n g  of  t h e  H. of  the  Shoenberg e l l i p s o i d s  i n to  t h r e e ,  and 
e x p l a i n  a l s o  the  low v a lu e  f o r  th e  a^ co r respond ing  t o  i t .
i t  is seen t h a t  band number t h r e e  r e p r e s e n t s  the  band composed of 
the  two ho le  e l l i p s o i d s  of  the  p rev ious  s e c t i o n .  In a d d i t i o n ,  i t  w i l l  
be n e c e s sa ry  (as w i l l  be po in ted  out  in a fo l lo w in g  s e c t io n )  t o  have 
one o r  more bands o f  r easonab ly  high s a t u r a t i o n  f i e l d  v a lu e s  t o  accoun t  
fo r  th e  pronounced o s c i l l a t i o n s  a t  h igh  f i e l d s .  Band number f i v e  
s e rv e s  t h i s  purpose .  The e x p e r im en ta l  va lues  fo r  t h e  ff. j  a t  4 .2°K f o r  
th e  range of  f i e l d s  from ze ro  t o  16 k i lo g au ss  a r e  shown in Fig. 13 .
Concerning th e  i t  may be seen from Eqs. (6 l)  and (6 2 ) t h a t
€lj 2  i s  expec ted  t o  be n eg a t iv e  f o r  a l l  va lues  of magnet ic  f i e l d  w h i le  
e'j'j may be p o s i t i v e  o r  n e g a t iv e  depending upon th e  r e l a t i v e  magnitudes  
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Experimental d a ta  show t h a t  the  s ig n  of  elj j  r e v e rse s  from p o s i t i v e
t o  n eg a t iv e  a t  H * 152 gauss.  This i s  compat ib le  with th e  p o s i t i o n i n g
of  the  "d en se ly "  popula ted  hole  pocket  w ith  *  250 gauss .  Other
gen e ra l  c h a r a c t e r i s t i c s  of  the  e'.'j curves  ( the  p o s i t i o n s  o f  the
minima, high f i e l d  o s c i l l a t i o n s ,  1/H dependence o f  the  e'jg, e t c . )
ag ree  q u a l i t a t i v e l y  w i th  the  proposed band s t r u c t u r e .  We w i l l  d i s c u s s
some o f  these  p o in t s  in f u r t h e r  d e t a i l .  The d a ta  fo r  the  eV. f o r  
K 'J
4.3°K and va lues  o f  magnetic  f i e l d  ranging  from 0 t o  16  ki logauss is  
shown in Fig. 14.
We d ig r e s s  b r i e f l y  from th e  a n a l y s i s  o f - t h e  da ta  t o  co n s id e r  the  
n a tu re  of  the  p o t e n t i a l s  which were measured. The exper im en ta l  d a ta  
p r e se n te d  fo r  th e  t h e r m o e le c t r i c  power a r e  in f a c t  th e  e f f e c t s  
produced by the  bismuth-copper  thermocouple formed by the  bismuth 
c r y s t a l  and the  copper  l eads .  One must,  t h e r e f o r e ,  co n s id e r  the 
c o n t r i b u t i o n  o f  t h e  copper t o  the  e f f e c t s .  The k i n e t i c  equa t ion  by
A
which t h i s  e f f e c t  w i l l  be examined is  Eq. (13) w ith  J * 0. The 
e q u a t io n  is  then
E* « E » eG (74)
—f t -A
where the  E* has been equated t o  E due to  th e  i so thermal  na tu re  o f  the
56p o te n t io m e te r .  Zebouni has demonstra ted  t h a t ,  fo r  our  two
t
dimensional c a se ,  the  t h e r m o e le c t r i c  t e n s o r  due to  the  copper has the  
form
*B “  I I (75)
[ : • : ]
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and is  incorpora ted  in to  Eq. (7*+) to  give
E = (e -  eB)G. (7 6 )
The presence of the  copper leads is  then a c c u r a t e ly  desc r ibed  by this 
modified r e l a t i o n
A *  -  1 A A
e 1 = - e ) (77)
8
The c a l c u l a t i o n  of  the  important  q u a n t i t y  e" is  modified from the 
form of  Eq. (2j)  to
= t i e '  + aeB. (7 8 )
An approximate value is given for  eg fo r  H = 0 in the paper of  B ia t t  
and Kropshot .^^ This data  in d ic a te s  the  value of  a t  ze ro  f i e l d  to
be
£g(0 ) 0 .6  x 10 6 v o l t / d e g .  (7 9 )
Since the  c o n d u c t iv i ty  and the  t h e rm o e le c t r i c  c o e f f i c i e n t  of copper 
a re  e s s e n t i a l l y  independent of H we may cons ide r  t h a t  t h i s  is  the 
o rde r  of magnitude of  the c o r r e c t io n  term for  a l l  values  of magnetic 
f i e l d  in the range we have taken. At a temperature  of  4.3°K and zero  
magnetic f i e l d ,  our experimental data  y ie ld s
^ l l €i l  = 3^*56 x 10 6  v o l t /d e g .  (80)
The c o r r e c t io n  term introduced by the copper is  less  than two per  cent .
A
In t h i s  d i scu s s io n  i t  should be kept in mind t h a t  the e" r e f e r r e d  to  
has been computed using only the f i r s t  term on the r i g h t  in Eq. (7 8 ) .
We cons ide r  now the na tu re  o f  the band with large  H^(p = 5 ) •
The known values  of  n and £ for  the Shoenberg e l e c t r o n  e l l i p s o i d s  and 
the two hole e l l i p s o i d s  of  t h i s  i n v e s t i g a t i o n  cannot account  fo r  more
68
than one per  c en t  of  the  measured v a lu es  f o r  e' jj and The f i f t h
band then should have such c h a r a c t e r i s t i c s  as t o  account  f o r  t h e s e  
la rge  exper im en ta l  v a lu e s .  Let us modify Eqs. (6 l )  and (6 2 ) t o  t h e i r  
high f i e l d  approximations  where a l l  the  bands a r e  asympto t ic  excep t  
number f i v e .  We have
2 . 2  -  H,_ |dn,-l
5
e
2 . 2  T ,, idnc , ,  it k cT
12 - ^ H2+ H
5
« \ - h \ (8 2 )
where we have rep laced  the  f a c t o r  by ‘t s  e q u iv a le n t  in terms of
the  d e n s i t y  o f  s t a t e s
^  (83)
s 5  3 K  1 w >
(see Eq. 33)* The re fo re ,  in t h i s  range o f  magnet ic  f ie ld s .
^ “ i r -  (8 4 )e n  - 5
i t  i s  seen from th e  da ta  t h a t  t h i s  p r o p o r t i o n a l i t y  is  r e l a t i v e l y  well  
obeyed with  >  1300 gauss.  We must p o in t  out  t h a t  the  f i r s t  
c o r r e c t i o n  term to  e1̂  i s  n eg a t iv e  and a l l  the  c o r r e c t i o n  terms to  
g 12 a r e  P0 5 ' * ' ^ ?  hence, the  p r o p o r t i o n a l i t y  i s  not obeyed fo r  f i e l d s  
l e s s  than  about 1300 gauss.
Let us now examine th e  e x p re s s io n  fo r  the  l i n e a r  term in the 
s p e c i f i c  heat
C -  TT (8 5 )
where
At la rge  va lues  o f  magnetic  f i e l d ,  then ,  the  should  vary  i n v e r s e l y
cQ
w ith  H. The value  of  P has been determined by Kal inkina  and S trekov 
to  be
r  * 1 .6  x 10 ca l/gm-atom deg
In Eq. (8 5 ) Kal inkina  and Strekov have supposed t h a t  the  s p e c i f i c  hea t
C i s  due t o  a Fermi d i s t r i b u t i o n  of  c a r r i e r s ,  and in t h i s  case  T i s
c o n s ta n t .  Eq. (8 5 ) holds  only  f o r  tem pera tu res  nea r  a b s o lu t e  z e ro .
Otherwise ,  the  s p e c i f i c  h ea t  of  the  c a r r i e r s  cannot  be ' c a l c u la t e d  s imply 
by the  product  PT. The s p e c i f i c  hea t  becomes s m a l le r  w ith  i n c r e a s in g  
tem pera tu re .  Our d a ta  shows t h a t  e'jg is  not p ro p o r t i o n a l  to  T, and, 
in f a c t ,  the  va lues  a t  2 . 1°K and 4 . 2°K a r e  o f  th e  same o rde r  o f  
magni tude.  Table II g ives  a comparison o f  the  exper im enta l  v a lu e s  of  
th e  monotonic p a r t  of  e“ which we a r e  c o n s id e r in g  here f o r  v a r io u s  
va lues  of  magnet ic f i e l d  t o  the  va lues  o f  e^g c a l c u l a t e d  from Eq. (8 7 ) 
us ing  C * TT. (A c l o s e r  approximation might be had by us ing  Eq. (8 2 ) 
r a t h e r  than  the  high f i e l d  approximation f o r  th e se  com puta t ions . )
The 1/H dependence is  seen to  be q u i t e  good.
cQ
Kal ink ina ,  I. N., and Strekov,  P. G.,  o p . c i t .
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T a b le  i l
A Comparison o f  th e  e“g C a lc u la ted  from S p e c i f i c  Heat Data' t o  the  
Corresponding Experimental  Q u a n t i t i e s  f o r  S evera l  High F ie ld  Values .
*
, - 2
^lS X ^  amp/°K-cm
H
(k i lo g a u s s )
Experimental  
a t  2 . 1°K
! C a lc u la te d  
a t  2 . 1°K
1 Experimental  
a t  4 .3°K
C a lc u la te d  
a t  4.3°K
6 - 1 5 .0 - 1 1 .0 -1 8 .4 3 - 2 2 .5
8 - 1 2 .0 -  8 .25 - 1 4 .3 6 - 1 6 .9
10 I »—4
 
O -  6 .6 -1 1 .9 5 - 1 3 .5 2
12 ~ 8 .7 5 -  5 .5 - 10 .31 - 1 1 .2 7
14 " 7 -7 -  4 . 7 I - 9 .1 4 -  9 .6 6
16 - 6 .8 -  4 .1 2 -  8 .2 7 -  8 .45
Using Eq. (8 7 ) and th e  d a ta  o f  r e f e r e n c e  5 8 *
Analvsi  s of  th e  O s c i l l a t o r v  Conducti vi t i e s
The e x p e r im e n ta l ly  measurab le  q u a n t i t i e s  f o r  th e  galvanomagnetic  
e f f e c t s  a r e  seen from Eq. (13) o f  Chapter  I by s e t t i n g  the  i so th e rm a l  
c o n d i t io n  I f  * 0, w* =* 0. Then, remembering t h e  c o n d i t i o n s  g iven  in 
Eqs. (9) and (10),  we have fo r  th e  two d im ensional  r e s i s t i v i t y  t e n s o r
P l l  - P 21 
P21 P l l
K ]
(88)
The c o n d u c t i v i t i e s  a r e  then  computed from the  e x p e r im e n ta l ly  observed
va lues  o f  the  by th e  wel l  known e x p r e s s io n
IJ r 0 . . 3
r  a. . 1  *■ —— ■.
L u J  | P i j |
(89)
where O j , ]  i s  t h e  a d j o i n t  m a t r ix  o f  th e  C p j j  J > an^ J P j j  | 
i s  the  d e te rm in a n t  of  th e  r e s i s t i v i t y  t e n s o r  [ P > J  For our 
s p e c i f i c  c a s e ,  t h e  c o n d u c t i v i t y  t e n s o r  e lem en ts  a r e  g iven by
P 11 P p i
“ l l  ”  2  2  5 * 1 2  “  2  2  •
P 11 + 21 P 11 + P21
The ex p e r im en ta l  d e t e r m in a t io n  of t h e  p . j  in  f u n c t io n  o f  the  
m agnet ic  f i e l d  H f o r  t h e  two tem p era tu re s  of  4.2°K and 2 . 1°K is  
shown in Fig .  15 . These v a lu e s  have been de termined by th e  method
I
mentioned in th e  p receed in g  c h a p te r :  t h a t  i s ,
P21
and
£ p 2 1 ( H)  -  P 2 i ( - H ) |  (9 1 )
P11 " 2  £ p l l ^  + P11^"H^J •
Since th e  is  an odd f u n c t io n  of  th e  f i e l d  and th e  p ^ j  i s  an even 
f u n c t io n  o f  t h e  f i e l d .  The e f f e c t  o f  misa l ignm ent  of  th e  probes  wherein  
p a r t  of  t h e  p ^  is  superimposed upon th e  p^ j  (or v i s e - v e r s a )  i s  shown
in th e  c ase  o f  the  Hall r e s i s t i v i t y  d e t e r m in a t io n  a t  2 . 1°K in Fig. 16
( the  lower c u rv e ) .
59L i f s h i t z  and Kosevicir  have shown t h a t  the  o s c i l l a t o r y  p a r t  o f  
t h e  c o n d u c t i v i t y  t e n s o r  is  m os t ly  due t o  o s c i l l a t i o n s  in the  number of  
c a r r i e r s  (which is  a f u n c t io n  o f  both energy  £ and m agnet ic  f i e l d  H) 
i s
n(H,£) » n (0 ,g )  + h"3 g  FP (H,£) -  g  n£ + h"3 g  FP(H ,£) .  (93)
0  0  °  0
In t h i s  e x p r e s s i o n ,  th e  q u a n t i t y  F i s  d e f in e d  by
59 L i f s h i t z ,  I .  M., and Kosevich,  L. M., op. ci t .
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f 'V ? )  -  S A^(H, 5) expfatiit(--?n • / )  -  i (  5 + 5 )1  (91*)
K*1 L J
where
AP .  grShH^/a m* (S y |)z)lc7̂ slnH K%P . .
\  b 'kc ; JO I . .2 , , .  _ , 21 1 /2  ' (95;
z I mdSm/dS ld S(5>Pz)/dPj
The s u p e r s c r i p t  (or s u b s c r ip t )  ^ r e f e r s  t o  the  band, k i s  an in teg e r  
ranging from 1 to  ( in  the  Poisson summation) and the  s u b s c r ip t  
(or s u p e r s c r i p t )  m in d ic a te s  t h a t  the q u a n t i t y  is  t o  be eva lua ted  a t  
the  extreme cross  s e c t io n a l  a rea  o f  the  bands (pockets)  which is 
p e rp en d icu la r  t o  the  magnetic f i e l d  H. The 7  is  the f r a c t i o n  ( le s s  
than u n i ty )  which appears  in th e  exp ress ion  fo r  the  energy of  the  s t a t e s  
in the presence o f  a magnetic f i e l d ;  i t  has the value of + ^  f o r  f r e e
e l e c t r o n s .  The momentum d i r e c t e d  p a r a l l e l  to  the f i e l d  H is  rep re ­
sen te d  by p2 « The m* r e f e r s  to  the  e f f e c t i v e  mass and, f o r  t h i s  . 
formula, i s  t o  be taken as a p o s i t i v e  q u a n t i t y ;  i t  i s  r e l a t e d  to  the
extremal c ross  s e c t i o n a l  a rea  of the  pocket  by the express ion  
d s
* -  2 itm* (9 6 )
where the  p lus  s ign  i s  taken f o r  pockets  of  e l e c t r o n s  and the  nega t ive
sign  is  taken  f o r  pockets  of  ho les .  £ i s  the Fermi energy. The
q u a n t i t y  ^  is  given by
2it2kT* * n s r  ©7)
where
lf* eH_ w# * . ■m*c
and k is  Boltzmann's c o n s ta n t .  Note t h a t  in t h i s  p r e s e n ta t i o n  e,  the  
e l e c t r o n i c  charge,  is  taken as p o s i t i v e .  I t  i s  e a s i l y  shown th a t
f o r  the  case  o f  an e l l i p s o i d  o f  r e v o lu t io n  w i th  the  a x i s  o f  r e v o lu t io n  
p a r a l l e l  t o  H. In Eq. (98),  R i s  the  r a t i o  o f  major t o  minor a x i s  
o f  the  e l l i p s o i d .  In th e  exp re ss ion  f o r  th e  F^, - ^  i s  t o  be i n s e r t e d  
when the extremal c ross  s e c t io n a l  a rea  p e rp e n d ic u la r  to  the f i e l d
2  2  ifr e p re s e n t s  a maximum S(£,PZ)/&P2 >  0 ) ,  and + jr corresponds  t o  a
minimal a r e a .  This e x p re s s io n  o f  L i f s h i t z  and Kosevich f o r  the number
of  c a r r i e r s  as a f u n c t io n  of energy and magnet ic  f i e l d  r e l i e s  on th e
assumption t h a t  the number of s t a t e s  is very  la rg e j  o r ,  in terms of
the  ex tremal  c ross  s e c t i o n a l  a rea
s P » S h H
m c
I t  fo llows in the  L i f sh i tz -K o sev ich  p r e s e n t a t i o n  t h a t  the  o s c i l l a t o r y  
p a r t  o f  the  c o n d u c t iv i t y  ten so r  (which is  r e l a t e d  t o  the  o s c i l l a t i o n s  
in the  de Haas-van Alphen e f f e c t  through the  c l a s s i c a l  m o b i l i ty  
t e n so r )  i s ,  fo r  i , j  ^ z , z
* i j  “  S qmB h" 3  0 9 )
P
where (£>H) i s  the  " c l a s s i c a l  m o b i l i ty  t e n s o r "  of th e  c a r r i e r s  a t
th e  extremal c ro ss  s e c t i o n  of  the 6th  band. The d IJ a r e  r e l a t e d  t o
- m
th e  average  m o b i l i t i e s  of  the  c a r r i e r s  q 1-1 by the d i s t r i b u t i o n  f u n c t io n  
but  u s u a l ly  can be expressed  as
qmJ ~  qU  more e x p l i c t l y  9^ =  9 ,J + I f ”
Since in the experiments  desc r ib ed  in th e  s e c t io n  on the  Fermi 
hole  e l l i p s o i d  a s i n g l e  type of  o s c i l l a t i o n  appears ,  wfe cons ide r  the
76
case  fo r  one f ix ed  va lue  of 0  (p ■ 3)* We w i l l  from t h i s  po in t  omit 
the 0  s u p e r s c r i p t  assuming t h a t  the o s c i l l a t i o n s  a r i s e  from a s in g l e  
band. Then, the o s c i l l a t i o n s  due to  the  two e l l i p s o i d a l  pockets  of 
ho les  a re  given by
crIJ -  h' 3 F(H,£).  (100)
I f  we f i r s t  take  the  case  of a f ix e d  va lue  of  £,  £ * £ , the
ex p ress io n  fo r  the o s c i l l a t o r y  ten so r  element becomes
o3 U  -  <C i (£0 ' H>h' 3 F<So’ H)- <101)
For high magnetic f i e l d s ,  we have fo r  the two ten so r  components
under c o n s id e ra t io n ^
<£} «  qU * — r 3  ( 102)
H
and
q12 -  + 7 T (103)
where the  s ign  is  p o s i t i v e  fo r  e l e c t r o n s  and nega t ive  fo r  ho les .  We 
then wri t e
S c~ ec „  Q/ehH^3/2 R k7\ _ / m
o i 2 ** H j? kc ( a ^ / 2  s inh  kK 8Xp 2rtĤ ehH " ' ^2 “ 4* '
(104)
The e x t r a  f a c t o r  of  two appears  s in ce  th e re  a r e  two e l l i p s o i d s  o f  
ho les .  A s i m i l a r  exp ress ion  can be w r i t t e n  f o r  th e  cr^ by r e p la c in g  
- y  in Eq. (104) by ecH^H2 .
I t  has been shown by L i f s h i t z ^  t h a t  th e  o s c i l l a t i o n  of the  Fermi 
energy £ “  £(H) must a l s o  be cons idered .  This behavior ,  which is  
neg lec ted  in the  de Haas-van Alphen theory ,  p lays  a more fundamental
See the p receeding  s e c t io n .
L i f s h i t z ,  i . ,  Sovie t  Physics  JETP %  1227 (1957)*
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r o l e  in the  t r a n s p o r t  phenomena because of th e  l a r g e r  magnitude of 
t h e  cr, J . That i s ,  a second term w i l l  appear  in the  o s c i l l a t o r y  p a r t  
o f  the  a 1-* as  the  c o n d i t io n  a f f e c t i n g  the  "system is  not  £ *  but  
r a t h e r
n^ * n -  c o n s ta n t .  ( 105)
This  c o n d i t i o n  is  b e t t e r  s t a t e d  by
nE ” nH * c o n s ta n t> 
where n£ is  th e  t o t a l  number o f  e l e c t r o n s  and n^ is  th e  t o t a l  number 
o f  h o le s .  This  c o n d i t i o n  y i e l d s  f o r  the  a d d i t i o n a l  term
IfiL
ff'J =. - h" 3
a n g q j J
3  50
c ^ P
* ! rP ^o
f ( h , 5 q) ( 106)
-3
P





^ o  P * o  J
in which n^ should  be taken as  p o s i t i v e  f o r  e l e c t r o n s  and nega t ive  f o r
h o le s ,  fn  th e  e x p re s s io n ,  th e  f i r s t  term r e p re s e n t s  the  c o n t r ib u t i o n
due t o  the  rearrangement o f  t h e  c a r r i e r s  in the  d i f f e r e n t  bands. The
second term accoun ts  fo r  th e  p o s s i b l e  hbange of  m o b i l i ty  as  the Fermi
energy changes with  magnetic  f i e l d .  For s i m p l i c i t y  of  argument,  we
~ 1 2examine the  case  o f  the  t r a n s v e r s e  e f f e c t ,  <7 . At very  high magnet ic
f i e l d s ,  where a l l  bands obey asym pto t ic  c o n d i t i o n s ,  i t  i s  seen t h a t  f o r
12each v a lu e  of  p th e  q_ can be found by Eq. (103).  I t  fo l low s  t h a t
P
12SqR /&£ °* Thus, i t  i s  seen t h a t  f o r  high f i e l d s  (asymptot ic
c o n d i t i o n s ) ,  the  f i r s t  term o f  Eq. (106) w i l l  cance l  t h e  QCf^ leaving  
f o r  the  t o t a l  o s c i l l a t o r y  p a r t  of  the  only the  very  small  con­
t r i b u t i o n  o f  the  second term in Eq. (106)— no o s c i l l a t i o n s  should  
appear .  Exper im enta l ly ,  we f in d  t h a t  t h e r e  a r e  pronounced o s c i l l a t i o n s  
in the  high f i e l d  range. This i s  shown in F igs .  13 and 17 . This 
im pl ies  s imply t h a t  some band (or  bands) in bismuth has not reached 
i t s  asym pto t ic  v a lue  in t h e  range of f i e l d s  used in the  exper im ents .  
From the  p r e s e n t a t i o n  of the p rev ious  s e c t i o n ,  i t  i s  seen t h a t  th e  
low m o b i l i t y  hole  band (p »  5 ) is  t h a t  which enhances th e se  high f i e l d  
o s c i l l a t i o n s .  Let us w r i t e  the  e x p re s s io n  f o r  th e  t o t a l  o s c i l l a t i o n  
in f o r  th e  high f i e l d s  assuming t h a t  a 1} bands have reached 
a sym pto t ic  c o n d i t io n s  except  band number f i v e .  The e x p re s s io n  is
/ V  i v  I V
12The smal l  c o n t r ib u t i o n  o f  the  ^q^ ^as keen neg lec ted .  The a b s o lu te
v a lu e  s ig n s  a r e  used f o r  convenience s in c e  a) th e  c o e f f i c i e n t s  would
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be p o s i t i v e  f o r  e l e c t r o n s  and nega t ive  f o r  holes  and b) dn/d£ >  0 
fo r  e l e c t r o n s  and §*n/^£ <  0 f o r  ho les .  A f te r  r ea r ran g in g  th e  ex p res ­










f . . H?  , . 1  i a n ( 5 ) / ;  
[ h2+ „2]  p n / a s  I
Note t h a t
12 „ 12 „ h ^ec r
oa  ■ ?  « a  -  f  fk ( 109)
We can use th e  f i r s t  term in th e  s e r i e s  (k * l )  s in c e  most o f  th e  
o s c i l l a t i o n  i s  seen to  occur in the  fundamental .  Then, us ing  Eq. (104),  
and t a k in g  the  v a lue  o f  ?\, as determined in Table l i t  and R = 3 .6  the
rv .
12t h e o r e t i c a l  va lue  o f  j.o; can be computed and compared t o  the
'“~12e x p e r im e n ta l ly  d e te rm in e d .ff (see Table I I I ) .  The r e s u l t s  f o r  th r e e  
d i f f e r e n t  high f i e l d  v a lu es  a t  2 . 1°K a r e  as fo l lows :
A*
o l <? 2  /  cr * 7 *6 6 , H a  10 ki logauss
A*
o i a 2  /  =« 9 .50 ,  H = 12 ki logauss
•v 
-1 2
or /  0^2  =10.50, H = 14 k i logauss
where .a  ol
12 = .110 Hl / S A/s  inh A in mho/cm i f  H is  in gauss.  I f  we 
take  the approximation
we can so lve  f o r  in each o f  the  t h r e e  cases  u s ing  Eq. (108).  The
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r e s u l t s  a re  given in Table V. These va lues  a re  in reasonab ly  good 
agreement w i th  the  proposed in Eq. (73 ) .
Let us t u r n  t o  an examinat ion of  the  tem pera ture  dependence of  
the  O' o s c i l l a t i o n s  a t  high f i e l d s .  In the  approximation of  Eg. (108)
(3)i t  i s  seen t h a t  the  F v i s  the  only tem pera ture  dependent q u a n t i t y .
I t  can be w r i t t e n  more e x p l i c i t l y  as
F(3) = 3 / 2  s _ i _  - ■ exp [2*1* ( - ~  -  7)  -  « r l  (110)eirc » k 3 /2  s in h  nA r  I 'ehH 11 4 1 v '
where 1\ i s  determined by (see Eq. 97)
£ (111)
The approach we now take  i s  to  examine the  ampli tude  of  th e
o s c i l l a t i o n s  f o r  the  two tem pera tu res  4.2°K and 2 . 1°K with a f ixed
v a lue  of magnet ic  f i e l d .  I t  should be po in ted  out  t h a t  a degree of
accuracy  i s  l o s t  in de te rm in ing  th e s e  ampli tudes  s in ce  th e  o '-1 i s
|  .  • «
determined by computat ion from the  p J , and then  o J i s  determined
•  •
g r a p h i c a l l y  from the  g ross  term. The a 1-1 a r e  shown in Fig. 18. For 
the  p r e se n t  c o n s id e r a t i o n  we n e g le c t  the  harmonic terms, i . e .  we take  
only  the  v a lu e s  co r responding  t o  k = 1. Also, the  p o s s i b i l i t y  of  a 
Dingle tem pera tu re  is  not  cons ide red .  For th e  two tem pera tu res ,  4.2°K 
and 2 . 1°K, we have
t A#
.12a / i r f l 2  j. s in h  27̂2 . 1°  I 14.2°  "  2  s in h  -K
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From t h i s  r e l a t i o n ,  is  ob ta in ed  f o r  t h r e e  d i f f e r e n t  va lues  of  magnet ic 
f i e l d .  Then, from Eq. ( i l l )  we compute the  e f f e c t i v e  mass in the  
p lan e  p e rp e n d ic u la r  t o  the  magnet ic f i e l d .  The r e s u l t s  a r e  given in 
Table I I I .
Table III
I p
A Comparison of O s c i l l a t i o n  Amplitudes in the  a a t  4 . 2°K and 2 . 1°K
H
(k i lo g au ss )
sjcr12  L  °
(mho/cmj
2 l tfl2 | 4 . 2 °
(mho/cm)
s in h  SK 




(k i lo g au ss )
m*
m0
10 1 .5 8 0.42 7 .5 0 1 .9 9 6 19.96 0.0647
12 I .6 5 0 .6 2 5-32 1 .6 3 6 19.63 O.O636
14 1 .8 0 .8 0 4 .50 1 .4 5 20.3 O.O658
The tem pera tu re  dependence of the  cr^  is  the  same as  t h a t  of  th e  
which has j u s t  been ana lyzed .  T h e re fo re ,  we can use a s i m i l a r  
a n a l y s i s  on th e  t o  o b t a in  the  v a lu e  o f  th e  e f f e c t i v e  mass of  
t h e s e  holes  in th e  p lane  p e r p e n d ic u la r  t o  t h e  magnetic  f i e l d .  These 
r e s u l t s  a r e  given in Table IV.
Table IV *
A Comparison of  O s c i l l a t i o n  Amplitudes in th e  c r^  a t  4 .2°K and 2 . 1°K.
(k i lo g a u s s )
s in h  2?̂  
s i nh 7\ * 2 . 1°
22it kTm*c 
(k i logauss )
m*
mo
a m* Average —  m0
10 7 .5 6 2 .0 0 5 2 0 .0 5 O.O65 0.0648
12 6 .1 2 1.784 21.41 0.0694 0 .0 6 6 5
14 4.33 1.408 19.71 0 .0 6 3 9 0.0648
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The l a s t  column in Table IV gives  the  average v a lu e  of m*/m f o r  the
12 11two d i f f e r e n t  c o n s id e ra t i o n s  (d and d ) .  The average v a lue  of  
m*/mo ( which fo r  t h i s  o r i e n t a t i o n  o f  magnet ic f i e l d  is  d es igna te d  
mA/mQ) is  used to  compute th e  Fermi energy o f  th e  low m o b i l i t y  hole 
e l l i p s o i d  d iscussed  in the  i n i t i a l  s e c t i o n  of t h i s  ch ap te r .
We examine the  magnitude of  the  d ^  a t  high f i e l d s  by comparing
Aj
i t  t o  the  co r respond ing  ex p ress io n  fo r  d ^  given by Eq. (108).  Under 
the  same s im p l i fy in g  assumptions ,  i . e . ,  we tak e  p. * 0 , and n eg lec t
the in f lu en c e  of a l l  o th e r  bands, we can w r i t e
1 1 , -3,-(3) 
a l l  = " q5 h F *
This  g ives  (see Eqs. 101, 102, and 103)
-  a^ H
°11  -  off12 h2+ (U 3 )
5
where a^ is  the  w eigh t ing  f a c t o r  d esc r ib ed  in th e  p rev ious  s e c t io n .
I t  i s  seen ,  then ,  t h a t  in t h i s  approximation  the  r a t i o  o f  the
am pl i tudes  o f  the  o s c i l l a t o r y  p a r t s  of  the  d 1̂  a r e
a„H
ffl l / 0 12 “  i v "  (Ul ,)5
The exper im en ta l  d e te rm in a t io n  o f  the  q u a n t i t y  can be ob ta ined  by
so lv in g  Eq. (113) by s u c c e s s iv e  approximation ,  and the  d e te rm in a t io n  
of the  q u a n t i t y  H^/a,- is  made through Eq. (114). Table V summarizes 
the  r e s u l t s  ob ta ined  a t  2 . 1°K.
Table V
Determ inat ion  of Q u a n t i t i e s  H / a  , H~a„, H,, and a by comparing O s c i l ­
l a t i o n  Amplitudes o f  Hall  Conduct iv j fy ,  Magnetoconductivi ty  and I i d ^ l
T h e o re t i c a l  ' °  1














10 4.35 1 .58 12 .1 3630 4150 3880 1.07
12 4 .5 I .6 5 15-7 3670 4600 4110 1 .1 2
14 5-2 1 .8 18.9 3460 5950 4540 1.31
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As po in ted  out  a l r e a d y  i t  may be seen t h a t  is  in reasonab ly  good 
agreement w ith  the  proposed in Eq. (73 ) ,  and the  a^ va lues  a r e  in 
the  neighborhood of  u n i ty .  Data a t  4.2°K y i e l d  t o  r e s u l t s  in s i m i l a r  
agreement .
An a n a l y s i s  o f  the o s c i l l a t i o n s  shown in Fig. 18 shows t h a t
*v. . rw _
11 12the  a and the  a a r e  not in phase,  the  phase d i f f e r e n c e  being
approx im ate ly  0 .3 jt r a d ian s .  The phase f o r  th e  o s c i l l a t i o n s  as
p r e d i c t e d  by the  Lifsh i tz -KoseVich  theory  f a l l s  in between th e  two we
11 12have measured fo r  the  a and a j i t  i s  w i th in  0 . lit of the phase
f\r
of t h e  e x p e r im e n ta l ly  de termined a . The harmonic co n ten t  o f  the  
o s c i l l a t i o n s  as p r e d ic te d  by the  L i f sh i tz -K o se v ich  is shown in the 
two upper b locks  o f  Fig. 19. The harmonic c o n te n t  o f  the
<v ̂  ^
ex p e r im e n ta l ly  determined a is  in agreement w ith  t h a t  expected from 
the  theo ry  in both ampli tudes  and phases  of the harmonics.  The
I V
12e x p e r im e n ta l ly  determined a on th e  o th e r  hand has a co n s id e rab ly  
l a r g e r  harmonic co n ten t  than  expected  from the  theory .  The p e r iods
I V #
and phases of  the  cr1-5 a r e  given in Table VII o f  the  fo l low ing  s e c t io n .
The Osci l l a t i o n s  i n the j '.'j
As has been in d ic a te d  p r e v io u s ly ,  the e'.'j a r e  c a l c u l a t e d  from 
the  exper im enta l  e j j  of Eqs. (25) and (26 ) by us ing  the  r e l a t i o n
*11 AiVAlg *  crAe
S p e c i f i c a l l y ,  fo r  our  geometry with  the magnet ic  f i e l d  o r i e n te d  
p a r a l l e l  t o  the  t r i g o n a l  a x i s  of  the  c r y s t a l  th e  ten so r  e lements  a re  
given by
H X ICT2 GAUSS
/ f * 2
8 10 12 14 16 18
H X ICT2 GAUSS
000 \
-II „  -I I 
*11 22
,M SB -  pH 
12 6
‘ 1 [*11*11 ■ ? 2 €12j
21 “ * l f CTU cl2 + ff12€i l ]
(115)
The exper im en ta l  d e te rm in a t io n  of  the  i s  given in Fig. 20. The 
exper im en ta l  va lu es  of  the  a r e  seen in Fig. 1*+ and 21.
In o rd e r  t o  o b ta in  an ex p ress io n  f o r  th e  o s c i l l a t i o n s  in the 
which occur  a t  high magnetic  f i e l d s ,  we co n s id e r  the a sympto t ic  
e x p re ss io n  which may be o b ta in ed  from Eq. (6 l ) ,
pi. ,  _ n i 6 )
12 3H ^  ' U lb ;
We have used Eq. (8 3 ) t o  exp ress  the  q u a n t i t y  in terms of the  d e n s i ty
of  s t a t e s .  I f  we suppose Eq. (116) v a l i d  in the  quantum c a se ,  the 
o s c i l l a t i o n s  w i l l  a r i s e  from the  v a r i a t i o n  of  th e  c a r r i e r  d e n s i ty  
^n /$ £ .  To o b ta in  an ex p re s s io n  fo r  t h i s ,  we tu rn  t o  the th e o ry  of 
L i f s h i t z  and Kosevich and t h e i r  e x p ress io n  fo r  the  c a r r i e r  concen­
t r a t i o n  given in Eq. (93) .  Since the  o s c i l l a t i o n s  a r e  seen to  a r i s e  
from the  e l l i p s o i d a l  hole  pocket  which has p r e v io u s ly  been d e sc r ib e d ,  
we take  t h e  d e r i v a t i v e  of  the  c a r r i e r  d e n s i t y  n w i th  r e sp e c t  t o  £
fo r  the  s in g l e  band (p = 3)- N eglec t ing  the  small  v a r i a t i o n  in
with  energy £, we w r i t e  f o r  the  o s c i l l a t o r y  p a r t  o f  0 ^ 2
.  A acT an(3) , .
o 12 3H '•n ”>
- - 3 ¥ £ l h ' 3 | F ( 3 ) ( ^ ) -
**12
This g iv e s ,  in terms of  aQ&
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2
' : !  tv a l *
' h k
( 118)
Jl. ,  ^  k cm* j l  a t  cr12 
o 12 _ 2 , . '  r « t B3e h
12
-  .861 I  U K  cr1 2n Ort
<V_ r ^
In Eq. (118),  H i s  in gauss,  Q^ g  ' s ' n amperes/°K-cm, and q of 
i s  in mho/cm. I t  should be noted t h a t  th e  form o f  Eq. (116) is  in
r\j
61agreement w i th  the  e x p re s s io n  f o r  given by Bychkov, e t  a l .
»v
The cor responding  e x p re s s io n  f o r  is  i n h e r e n t ly  more d i f f i c u l t  to  
o b ta in  as  may be seen i f  one c o n s id e rs  the  companion eq u a t io n s  from
*v
which th e  is  d e r iv e d .  I t  w i l l  not be cons ide red  here .  Eq. (118) 
is  w r i t t e n  f o r  * = 1 as
2 . e j ' i  » .a$9T. T H_ 1 /2  . *  -o l  12 si  nh 7k
in o rd e r  t h a t  the  v a lu es  p r e d i c t e d  by the  theo ry  may be c a l c u l a t e d  
to  compare w ith  th e  exper im en ta l  q u a n t i t i e s  of  Fig. 18. Table Vi 
g ives  the  comparison of the  exper im en ta l  va lues  with  those expected 
from the th e o ry  we have p re sen te d
^ B ychkov ,  Yu. A.,  Gurevich,  L. E.,  and Nedlin, G. M., Sovie t  
Physics  JETP JO, 377 (I960) .
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T a b le  VI
Comparison of the  Exper im enta l ly  Determined e' '̂g t o  the  Values p r e d i c t e d  
by a Modified L i f sh i tz -K o sev ic h  Theory.
T » 2 . 1°K T * 4.3°K
Ix IQ2  p f o i  |v  in2 am-P
I 12l °K-cm | 1 2 | °K-cm
H P re d ic te d  Experimental P re d ic te d  Experimental
(k i logauss)  Value Value Value Value
6  .1 2  .7 0  .0 1 8
8 .1 8  1 .0 0  .0 6  .3 3
10 .2 2  1 .0 5  .1 2  .3 5
12 .235 1.05 .175 .35
14 .24 1 .2 0  . 225 .5 0
16 .245 I .3 5  .2 6 5
The data  o f  Table VI shows t h a t ,  f o r  2 . 1°K, the expected  magnetic  f i e l d
dependence is fol lowed q u i t e  wel l  by the  exper im en ta l  d a ta .  However,
the exper im en ta l  v a lu es  d i f f e r  by a f a c t o r  of  5 from those  expected
from t h i s  s i m p l i f i e d  theory .  At 4.3°K, th e  va lues  of  e1̂  p r e d i c t e d
by the theory  d i f f e r  from exper im en ta l  va lues  by a l e s s e r  margin, the
f i e l d  dependence i s  n e v e r th e le s s  not  as good as t h a t  a t  2 . 1°K. I t  may
a l s o  be noted t h a t  th e  p r e d i c t e d  tem pera tu re  v a r i a t i o n  i s  not  s a t i s f i e d .
An examination of th e  p e r io d s  and r e l a t i v e  phases  of  the o s c i l l a t i o n s




mfcThe Per iods  and R e la t iv e  Phases of  th e  O s c i l l a t o r y  E f f e c t s
»v
ffl 2  *11 e 12 £11
_A(i)
(xlO ^gauss *) 1.5 0 6  I .4 7 6  l . ^ p 6 1.^7^
Phase
( in  rad ian s )  0 - 0 . 3^ O.^n 0 .2n
•ft -v.
The phase i s  taken  with r e sp e c t  t o  the phase of  which is
+ 0.2n  w i th  r e s p e c t  t o  t h a t  p r e d i c t e d  by the  L i f sh i tz -K o sev ich  theory .
I t  is  seen t h a t  th e  p e r io d  o f  o s c i l l a t i o n  o f  the  e"g is  the  same as
- wvj
t h a t  fo r  tfjgj but  s h i f t e d  in phase by tt/ 2. This is  in e x c e l l e n t
ru r>j
agreement w i th  the p r e d i c t i o n  of  Eq. (118).  The and a l s o
d i f f e r  in phase by jt /2 , t h i s  in accord  w i th  the  p r e d i c t i o n s  of the
62theory  of  Z i l 'be rm an .
ru
The e f f e c t s  of  th e  harmonics a re  more prominent f o r  th e  eV. than
rv iv
f o r  th e  cr .j .  Note t h a t  the  e x p re s s io n  de r iv ed  fo r  (Eq. 118)
co n ta in s  t h e  harmonic terms
 s 2i__
Kl'/& s in h  K~h
t o  be summed over it, r a t h e r  than the
1 K 7\
[t3 /2  si  nh kA
<v
of  the  e x p re s s io n .  This i s  seen by comparing the  two lower b locks
of  Fig. 19 (which correspond t o  the  e'.'j) t o  the harmonic components
ru
of  the  or.j  given in the  two upper b locks .  This is  borne out in the  
da ta  fo r  the  e! j  (Fig .  20).
62Z i l 'b e rm an ,  G. E.,  op. c i t .
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The Therma1 Conducti vi tv
Bismuth i s  a semi-metal  w i th ,  as has been shown in the  s tudy  of 
t h e  galvanomagnet ic  e f f e c t s ,  a c a r r i e r  c o n c en t ra t io n  of  only about  
10 per  atom (see  Eq-. 42) .  This being the  case ,  i t  i s  expected
t h a t  a lmost  a l l  of the heat  c u r r e n t  w i l l  be c a r r i e d  by phonons. The
thermal r e s i s t i v i t y  a r i s e s  from a) s c a t t e r i n g  of  the l a t t i c e  waves by 
c r y s t a l  boundar ies ,  d i s l o c a t i o n s ,  and p o in t  im p e r fec t io n s ,  b) 
i n t e r a c t i o n  between the  phonons and e l e c t r o n s ,  c) s c a t t e r i n g  by 
im p u r i t i e s  (which p la c e s  an upper l i m i t  on th e  thermal c o n d u c t i v i t y ) ,  
and d) anharmonic i n t e r a c t i o n s  between the phonons (Umklapp p r o c e s s e s ) .  
These p ro c e sse s ,  which a r e  l i s t e d  with  t h e i r  i n c re a s in g  o rd e r  of
importance f o r  in c r e a s in g  tem pera tu re ,  cause the  thermal  c o n d u c t iv i t y
3to  d e v ia t e  from th e  s imple T law which w i l l  be d iscussed  p r e s e n t l y .
A measure o f  th e  c o n t r ib u t i o n  of  the e l e c t r o n s  t o  the  hea t  flow
may be had by app ly ing  the  Wiedermann-Franz law
A
—  » L T. (119)a n  '  '
-8  2  —2Ln is  the  Lorenz number and is given by Ln * 2.45 x 10 v o l t  degree
"■ PFor a tem pera ture  o f  4°K we o b ta in  * 3*18 x 10 wat t /deg-cm.  I t  
i s  seen by comparing t h i s  va lue  with  th e  thermal c o n d u c t iv i ty  
measured fo r  the  bismuth c r y s t a l  (in Fig. 22) t h a t  t h e  e l e c t r o n  
c o n t r i b u t i o n  to  th e  t o t a l  thermal c o n d u c t iv i t y  is only  a small f r a c t i o n  
of  one per  cen t .  Measurements of the  thermal  c o n d u c t iv i t y  w i th  and 
w i thou t  an e x t e r n a l  magnet ic f i e l d  served  to  s u b s t a n tu a t e  t h i s .  Thus, 
we a r e  j u s t i f i e d  in us ing th e  c lo se  approximation t h a t  a l l  of the  heat  
c o n d u c t iv i t y  is  due t o  t h e  l a t t i c e .
I t  may be noted t h a t  in the  absence of  e l e c t r i c  c u r r e n t  J ,  the
.A
f lu x  of  hea t  w* is  i d e n t i c a l  to  t h e  p r e v io u s ly  def ined  heat f lu x  w; 
t h i s  i s  seen from Eq. (6) by s e t t i n g  J = 0. For our exper imenta l  
s tudy  we have r e s t r i c t e d  the hea t  c u r r e n t  to  th e  1 - d i r e c t i o n .  The 
e f f e c t s  then  a r e  c h a r a c t e r i z e d  by the  r e l a t i o n
wj -  Wj -  TVjjGj + * 12G2
f o r  our two dimensional case .  Over the  tem pera tu re  range s tu d ie d ,  no 
t r a n s v e r s e  e f f e c t  was d e te c ted  a l though  s e v e ra l  exper im en ta l  a t tem pts  
were made. ■ This being th e  case ,  the  thermal e f f e c t s  a r e  desc r ib ed  by
W i - * n G j ,
or
w
*11 “ *1  - g | - 5' 5 * l a “ ° -  ' (120)
The 1 s u b s c r i p t  i s  used to  denote  thermal c o n d u c t iv i t y  or  r e s i s t i v i t y
due to  the l a t t i c e .
The measured va lues  fo r  the  thermal  c o n d u c t iv i t y  over  the
tem pera tu res  range under  c o n s id e ra t i o n  a re  shown in Fig. 22. Shown
in the  same p l o t  a r e  exper imenta l  va lues  r ep o r ted  by White and Woods
on a zone r e f in e d  sample of bismuth c o n ta in in g  t h r e e  c r y s t a l s .  Also,
64the  r e s u l t s  ob ta ined  by Shaly t  on a c y l i n d r i c a l  s i n g l e  c r y s t a l  a re  
shown fo r  purposes of  comparison. The t h e o r e t i c a l  T dependence of  
the IV  ̂ a t  low tem pera tu re  is  shown by the dashed l i n e  ( i t  i s  
a d ju s te d  to  f i t  our  d a ta  fo r  the lower t e m p e ra tu re s ) .
^ W h i t e ,  G. K., arid Woods, S. B., Canad. J.  Phys. 3 6 , 342 (1958).
6k
S h a ly t ,  S . ,  J .  Phys. USSR 8, 315 (1944).
° SHALYT
° WHITE a  W00DS(Bi-5) 






6 ‘5A sim ple th eo ry  o f th e  l a t t i c e  c o n d u c t iv i ty  ^ g ives
~  Cv& (121)
where v i s  th e  average  v e lo c i ty  o f sound in th e  medium, 8 is  the
mean f r e e  pa th  o f th e  phonons, and C is  the  s p e c i f i c  hea t given by
L\.
C -  j f L~ Nk ( J ) 3 ( 122)
f o r  very  low tem p era tu re s .  N is  the  number o f atoms per  u n i t  volume, 
k is  Boltzm ann's c o n s ta n t ,  and©  is  the  Debye c h a r a c t e r i s t i c  tem pera tu re .  
We can have an approxim ation  fo r  the  v e l o c i t y  v in Eq. (121) by using  
a v e lo c i ty  c a lc u la te d  by ta k in g  an average  va lue  of the  t r a n s v e r s e  
and lo n g i tu d in a l  v e l o c i t i e s  o f .p ro p a g a t io n  in th e  ex p ress io n  fo r  th e  
Debye frequency v ^ .  S p e c i f i c a l ly ,  th e  approxim ate r e l a t i o n
v . - s - v e i / 3  <i23>
y ie ld s  the  e x p re s s io n  fo r  the  average  v e lo c i ty
v  --------— = 1 .2 9  x 10 cm/sec
* ( 6*2 N) 1 /3
66using  © = 117°K. If  we co n s id e r  t h a t  th e  mean f r e e  p a th  is  
e s ta b l i s h e d  a t  th e se  tem p era tu res  by s c a t t e r i n g  from the  boundaries  of
the  sample, 5 can be approximated by th e  sm all dimension o f the
c r y s t a l  (2 .5  cm). Then, fo r  a tem pera tu re  o f  2.07°K, we f in d  the  
va lue  « 5*43 w atts/°K -cm . This compares fa v o ra b ly  w ith  the 
e x p e r im e n ta l ly  determ ined v a lue  of 7^ = 4 .3 2  w a t t s / 0 K-cm.
Concerning the  therm al c o n d u c t iv i ty  d a ta  g iven in Fig. 22, we 
remark t h a t  the  ex p er im en ta l  p o in t  a t  4 . 3°K is  c o n s id e ra b ly  lower than
6^
K i t t e l ,  C., S o lid  S ta te  P h y s ic s , John Wiley and Sons, New York,
2nd e d . ,  1956* 
66K alink ina , I. N., and S trekov , P. G., o p .ci t .
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expected  and may be due in p a r t  to  exper im en ta l  e r r o r .  R ecall  th a t
th e  thermometers d e sc r ib e d  in Chapter 2 a r e  r a th e r  i n s e n s i t i v e  in
t h i s  tem pera tu re  re g io n .  A h ig h er  va lue  o f  ~k a t  k . 3°K would not
only  be in acco rd  w ith  th e  work o f  o th e r  i n v e s t i g a t i o n s ^ - ^ ,  bu t
would a l s o  g ive  a more a p p ro p r ia te  tem p era tu re  dependence in the
e'.'o as W' H  be seen in th e  next s e c t io n  o f t h i s  c h a p te r .12
I t  is  o f  i n t e r e s t  to  note t h a t  o s c i l l a t i o n s  s im i la r  to  those
d isc u sse d  in  th e  p rev io u s  s e c t io n s  have been observed in  the  thermal
r e s i s i t i v i t y  of bismuth a t  a tem pera tu re  of 1.604°K by S te e le  and 
69B ab isk in . T he ir  a t te m p ts  to  d e te c t  th e  o s c i l l a t i o n s  a t  h igher  
tem pera tu res  were u n su c c e ss fu l .  No such o s c i l l a t i o n s  have been 
observed in th e  t r a n s v e r s e  (Righi-Leduc) e f f e c t  in bismuth.
The Low Mobi1? ty  Hole Pocket
[n the  ex p e r im en ta l  da ta  p re se n te d  in the  p rev ious  s e c t io n s ,  
we have shown s tro n g  ev idence  f o r  the  e x i s te n c e  o f an a d d i t io n a l  
band of ho les  o f  q u i t e  low m o b i l i ty  ( the  p = 5 band). At t h i s  
p o in t  we w i l l  r e c a l l  t h i s  ev id en ce ,  and then p re se n t  f u r th e r  ev idence 
fo r  the  low m o b i l i ty  ho le  pocket.  A d d it io n a l  param eters  fo r  t h i s  
pocket w i l l  a l s o  be de term ined .
The c h a r a c t e r i s t i c s  o f  the  f i f t h  band have been determ ined in 
th e  fo llow ing  ways: l)  A nalysis  o f the c o n d u c t iv i t i e s  by
67'W hite, G. K. and Woods, S. B., o p .ci t .
^ S h a l y t ,  S . ,  op. c i t .
^ S t e e l e ,  M. C., and B ab isk in , J . ,  Phys. Rev. 3 8 , 359 (1955)-
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Sondheimer-WiIson th eo ry  has in d ic a te d  a low m o b i l i ty  hole  band w ith
1 ft
~  2500  gauss , ~  0.45 * 10 cm .
2) The f i f t h  band (p ■ 5 ) i s  needed to  account fo r  the  ex p e r im e n ta l ly  
measured v a lu es  o f  e1̂  and e1̂  (see Eq. 8 4 ) .  The in d ic a t io n  here is  
t h a t
H,_ >  1300 gauss.
123) A s tu d y  of the  o s c i l l a t i o n s  in th e  a a t  s e le c te d  v a lu es  of H 
us ing  th e  L ifsh i tz -K o se v ic h  theo ry  has given
H,_ «  § 88fi gauss 
H,_ «  419° gauss 
H,_ ~n4540 gauss.
4) A comparison o f  o jCj to  c r^  fo r  d i f f e r e n t  v a lu es  o f H (Eq. 113) 
gi ves
a^H^ ~  631^1 gauss
a^H- ~ 4^00  gauss
5 5
a^H^ ~ 5950 gauss.
Let us now tu rn  to  an a n ly s i s  o f  the  tem pera tu re  v a r i a t i o n  in the  
e 12 ' n orc*e r  to  ^ t a i n  a d d i t io n a l  param eters  fo r  t h i s  band. We 
e v a lu a te  the  in t e g r a l  of Eq. (57) fo r  th e  d e te rm in a tio n  o f the  e1̂  
w ith  r e l a t i o n
~Q ( E ) I ^ I  d E  “  *  ( £ 5 > +  d̂E l4it2 1 4^4+ 720“ k T — U I ^1^E»£,_ 72U dE E=£>5 1 " 5
Note t h a t  t h i s  i s  th e  same as Eq. (6 0 ) w ith  the a d d i t io n  of a second
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c o r r e c t io n  term. I t  r e s u l t s  t h a t
(t it2 k2cT 
e 12 “  " 2H
5 °
> o  [ 1 -  > 2 J  ( 1 2 5 )
i f  is  cons ide red  to  be c o n s ta n t .  I f  n^ is  held c o n s ta n t  we o b ta in
f 0)The c o n d i t io n  2 c o n s ta n t  w i l l  y i e ld  a more complex e x p re ss io n
w ith  the  f a c to r  a  inc luded in the e x p re ss io n  as
x2 k2cT 
e12 2H &̂  r 1 ■ a  f a  ^b  T«0 L 5 J
We w i l l  take  th e  approxim ation  t h a t  a  * 1. In th e  p receed ing  e q u a t io n s ,  
is  the  Fermi tem pera tu re  fo r  th e  band under c o n s id e ra t io n ,  d e f in ed
by
55 ) -  kT ( 128)
^ o v
If  we ex p ress  the  above c o n s id e ra t io n  in terms o f th e  d e n s i ty  of 
s t a t e s ,  we have
' % )  T “  % )  o  [ 1 '  ̂  (% ) 2 J  ‘ (129)
The d e n s i ty  of s t a t e s  as a fu n c t io n  of tem pera tu re  c a lc u la te d  from
the exper im en ta l  d a ta  a t  8000 gauss is  shown in Fig. 23* The s t r a i g h t
l in e  i s  th e  va lue  fo r  T =* c o n s ta n t  as given by Kal ink ina  and Strekov
TOfrom s p e c i f i c  h ea t  measurements. The e x t r a p o la t io n  of the  curve 
fo r  th e  p re s e n t  d a ta  to  ze ro  in d ic a te s  a Fermi tem p era tu re  f o r  the
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f i f t h  pocket of *  7°K. The spread  of the exper im en ta l  p o in ts  
which leads  to  inaccuracy  in  the  d e te rm in a tio n  o f  th e  Fermi 
tem pera tu re  is  p robably  due to  e r r o r  in the  measurement of the  
therm al c o n d u c t iv i ty  a t  th e  h igher  te m p era tu re s .  I t  seems l ik e ly  
(as was mentioned in th e  p rev ious  s e c t io n )  t h a t  th e  experim en ta l 
p o in t  a t  4.3°K should be somewhat g r e a t e r ,  and the  Fermi tem pera tu re  
l i e s  in the  range
7°K <  <  14°K.
Og _ O _ i
Taking the  va lue  of jdn,_/d£j q * J  x 10J (erg-cm ) , we determ ine
the  va lue  of n^ (see Eq. 8 3 ) .  For q u a d ra t ic  bands, the  e f f e c t i v e  
mass is  computed from (see Eq. 33)
(3* 2 ^ ) 2 /3  (130)
where in  th e  e x p re ss io n  we have allowed f o r  the p o s s i b i l i t y  o f  th e  
band be ing  composed of p p o ck e ts .  Table VIII shows the  va lu es  we 
have o b ta in e d  fo r  th e se  param eters  of the  f i f t h  band using  
s u c c e s s iv e ly  the  v a lu es  of 7°K and 14°K f o r  the  Fermi tem pera tu re .
Table VI11
Param eters o f  the  Low M o b il i ty  Hole.Band
t5 C5 n5_3 m*/m0
(°K) (ergs  per 
e le c t ro n )
(cm (cm ) p * 1 p * 2 P * 3 P ■
7 - 10“ 15 ~0 .5  x 1018 3-67 2.30 1 .7 6 1 .1 1
14 ~ 2  x 10 ^ m 18~10 2 .9 1 1.83 1.40 0 .8 8
The above r e s u l t s  fo r  th e  e f f e c t i v e  mass a re  computed under the  
assum ption th a t  the pockets  a re  s p h e r i c a l .  Another e f f e c t i v e  mass
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fo r  t h i s  pocke t,  th e  c y c lo tro n  e f f e c t i v e  mass, may be o b ta in e d — a t  
l e a s t  in o rd e r  o f  magnitude— by comparing the  s a tu r a t i o n  f i e l d  we 
have o b ta in ed  to  th e  known c y c lo tro n  m o b i l i t i e s  o f  the  Shoenberg 
e l e c t r o n  pocket and th e  low mobility ho le  pocket.  We make the  
comparison by assuming th a t  th e  r e l a x a t io n  tim e fo r  each pocket is  
approx im ate ly  the  same. The param eters  a re  a) w 120 gauss,
“  0 .08 mQ, fo r  the  Shoenberg e l e c t r o n s , a n d  b) ^  250 gauss, 
m  ̂ ** O.O65  fo r  th e  low m o b i l i ty  ho le  e l l i p s o i d .  We o b ta in  (see 
Eq. 3^)
m* ~ O.6 5  mo
by comparison w ith  the  low m o b i l i ty  h o le s ,  and
m* ~ I .6 5  mo
by comparison w ith  the  Shoenberg e l e c t r o n s .  These r e s u l t s  a re  not
c o n c lu s iv e ,  but do in d ic a te  t h a t  m* is  in the  neighborhood o f  the  mass
of the  f r e e  e l e c t r o n  m .o
in c o n c lu s io n ,  we can make some remarks concerning  th e  
gen era l  n a tu re  of the low m o b i l i ty  hole  pocke t.  Since i t  has been 
seen t h a t  a^ «  1,  we might suppose t h a t  the low m o b i l i ty  hole  
e l l i p s o i d  has an a x is  of symmetry a long  the  t r i g o n a l  a x i s ,  as  is  the  
case  fo r  the  high m o b i l i ty  e l l i p s o i d  we have p re v io u s ly  d isc u s se d .
The number of p o ck e ts ,  then , is  q u i t e  p o s s ib ly  equal to  two. The 
c y c lo tro n  mass would enab le  us to  determ ine th e  c ro ss  s e c t io n a l  a rea  
p e rp e n d ic u la r  t o  the  t r i g o n a l  a x is  S^, and a comparison w ith  the 
e f f e c t i v e  mass of Table VII I which depends upon th e  volume o f ' the  
e l l i p s o i d  would enab le  us to  know th e  e c c e n t r i c i t y  of th e  pocket.
71 G a lt ,  J .  K., e t  a_l., op. ci t .
These c a lc u la t io n s  a r e  not given as the  p r e c i s io n  o f  the  param eters  
we have p re se n te d  a r e  such th a t  only a vague p i c tu r e  o f the  e l l i p s o i d  
is  p o s s ib le .  I t  may be noted t h a t ,  ta k in g  = 14°K, and the  cy c lo tro n  
mass m,_ * mQ, the  expected  p e r io d  of o s c i l l a t i o n  a s s o c ia te d  w ith  t h i s
band w ith  the  m agnetic  f i e ld  p a r a l l e l  to  the  t r i g o n a l  a x is  is
1 “5 - j,
A{—) «  0 .9  x 10 gauss . Since th e se  o s c i l l a t i o n s  a re  much sm a lle r
than  th o se  from th e  high m o b i l i ty  hole  pocket (f3 * 3 ) ,  i t  would be
ex trem ely  d i f f i c u l t  to  id e n t i f y  them in th e  experim en ta l d a ta .
APPENDIX la
Important Q u a n ti t ie s  R e la t in g  to  the  Bismuth C ry s ta l .
a) C ry s ta l  s t r u c tu r e  of bismuth: Rhombohedral ( t r ig o n a l )
a * b « c » k . f k  angstrom sj 01 = p *  7  = 5 7 °4 l '
o
b) Atomic volume: 21-3 cm /mole
c) C ry s ta l  s iz e :  24.3 mm x 6 .9  mm x 2 .5  mm
d) Probe d is ta n c e s :  t r a n s v e r s e —6 .6  mm̂  lo n g i tu d in a l— I7 .O mm
e) R e s i s t i v i t y  r a t i o
lpo| 293°K _ 121-93 x 10 ^ ohm-cm a
1 I O “  *  * r i . c
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APPENDIX II
Data fo r  the  c a l i b r a t i o n  curve of th e  high f i e l d  magnet:
(amperes) H (gauss) I (amperes) H (gauss)
5 .0 1684 1 5 .0 5051
5 .2 5 1768 15.25 5135
5 .5 1852 15.5 5219
5-75 1936 15.75 5303
6 .0 2020 16 .0 5387
6 .2 5 2104 16.25 5471
6 .5 2189 1 6 .5 5556
6 .7 5 2273 1 6 .7 5 5640
7 .0 2357 1 7 .0 5724
7 .2 5 2441 17.25 5808
7-5 2525 17.5 5892
7-75 2609 17-75 5976
8 .0 2694 1 8 .0 6061
8 .2 5 2778 18.25 6145
8 .5 2862 I8 .5 6229
8 * 75 2946 I8 .7 5 6313
9 .0 303P 1 9 .0 6397
9-25 3114 19.25 6481
9-5 3199 19.5 65  66
9 .75 3283 19.75 6650
1 0 .0 3367 2 0 .0 6734
1 0 .2 5 3451 20.25 6818
1 0 .5 3535 2 0 .5 6902
1 0 .7 5 3620 2O.7 5 6987
1 1 .0 3704 2 1 .0 7071
1 1 .2 5 3788 21.25 7155
1 1 .5 3872 21.5 7239
1 1 .7 5 3956 21.75 7323
1 2 .0 4040 2 2 .0 7407
12.25 4125 22.25 7^91
12-5 4209 22.5 7576
12.75 4293 22.75 7660
13.0 ^377 23-0 7744
13.25 4461 23.25 7828
13.5 4545 23.5 7912
13-75 4630 23.75 7997
14.0 4714 24.0 8081
14.25 4798 24.25 8165
14.5 4882 24.5 8249
1^-75 4966 24.75 8333
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1 (amperes) H (gauss)




2 6 .0 8754
26.25 8838
2 6 .5 8923
2 6 .7 5 9 OO7












3 0 .0 10101
30.5 10269







34.5 I I 5 6 O
35.0 I I 7 OO
35.5 11850
3 6 .0 12020
3 6 .5 12160
1 (amperes) H (gauss)
37-0 12300
37-5 12450
3 8 .0 12600
3 8 .5 12730
39 .0 12860
39-5 13000
4 0 .0 13150
4 0 .5 13280
41 .0 13400
4 1 .5 13530
42 .0 13660
4 2 .5 I3 7 7 O





4 5 .5 14400
4 6 .0 14490
4 6 .5 14600
4 7 .0 14700
4 7 .5 14790
48 .0 14870
48-5 14960
4 9 .0 15060
4 9 .5 15160
5 0 .0 15250
5 1 .0 15420
5 2 .0 15580
53-0 15740
54 .0 15870
5 5 .0 16000
5 6 .0 16120
57-0 16230
APPENDIX 11 I
Numerical da ta  f o r  the  hole  e l l i p s o i d :
if co s2*!/ A (l/H ) A2 (l/H) Sm(£X
xlO^gauss * x l0 ^ °g au ss“ 2 x l 0^2
sec^
0 .3 1 .0 0 0 0 1.524 2 .3 2 2 6 .9 6 7
6 .2 .9884 1 .5 2 0 2.310 6 .9 8 6
1 5 .2 .9312 1.470 2 . l 6 l 7-223
1 9 .7 .8864 1.440 2 .0 7 4 7*37^
24. 2 .8319 1.400 1 .960 7*584
30.95 ■7355 1 .3 2 0 1.742 8.044
37*7 .6 2 6 0 1 .2 3 0 1.513 8 .6 3 3
45.3 .4948 1 .1 0 5 1.221 9 .6 0 9
4 6 .7 .4703 1 .1 1 0 1 .2 3 2 9 .9 6 6
5 0 .1 .4115 1.025 1.051 1 0 .3 6 0
5 4 .6 .3356 *958 .9 1 8 I I .O 83
59*1 .2 6 3 7 .8 6 0 • 739 12.346
6 3 .6 . 1977 .7 7 6 .6 0 2 1 3 .6 8 2
6 8 .1 .1391 .6 8 0 .462 15.614
- 1 1 .8 .9582 1 .5 0 0 2.250 7- 079
- 1 6 .3 .9212 ’ 465 2.146 7-249
-2 5 .3 .8 1 7 4 1.395 1.946 7 .6 1 1
-3 4 .3 .6824 1 .285 1.651 8 .2 6 3
-4 3 .3 • 5297 1.145 1.311 9.273
-4 4 .7 .5052 1.130 , 1.277 9.396
-4 9 .5 .4219 1 .0 3 5 I . 0 7 I 10.259
- 5 4 .0 .3455 .970 .941 10.946
-5 8 .5 •2730 .873 .7 6 2 1 2 .1 6 3
- 6 3 .O .2061 .790 .624 13*441
- 6 7 .5 . 1465 .7 2 6 .527 14.625
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APPENDIX IVa
Numer ic a l  data fo r  the  p . j , 0 . e!i j J 1 . .  and e'.‘. J 'J
a t  2 . 1°K:





2694 2 8 .3 6 7 .6 1 328.93 8 8 .2 6 r  6 8 .2 3 -189.55 - 26 7 .2 5 -3199.73
2862 31.35 9.09 294.24 85.32 -  76 .O8 -196.37 -263.64 -3007.95
3030 34.29 10.80 265 .31 8 3 .5 6 -  84.30 - 2 0 2 .6 6 -254.17 -2845.96
3199 37.23 12.39 241.82 80.48 -  92.16 -208.40 -258.07 - 2705 .58
3367 40.31 14.43 219-90 7 8 .7 2 -100.37 -214.05 -244.39 -2572.66
3535 16 .14 -108.23 - 218.81
3704 4 6 .7 9 I8 . 3O 185*37 72.50 -115.38 -223.30 -243.26 - 2328.61
3788 48.33 19.09 178.99 7O.7O - 120.38 - 225 .81 - 26 1 .2 0 -2289.79
3872 49.92 '20.23 172 .06 69.73 -123.95 - 22 8 .1 5 -253.60 -2241.63
3956 51.32 21.36 166.09 69.13 -125.73 -229.40 -235 .1 2 -2189-85
4040 52.51 22 .39 160.51 6 8 .0 5 -131.45 -231.74 -249-39 -2159.36
4125 54.72 23.75 153.78 6 6 .7 5 -134.31
4209 55-84 24.66 149.86 6 6 .1 8 -138.59
4293 57-15 2 5 .6 8 145.58 6 5 .4 2
4377 59.20 26.93 139.96 6 3 .6 7
446l 6 0 .6 5 2 8 .1 8 135.61 63 .01 -240.53
4545 61.95 29.20 132.08 6 2 .2 5 -152.17 -241.25 -237* ?1 -1934.54
4630 63.77 30.45 127.70 6 0 .9 8 -157.17 -244.12 -242.65 -1907.42
4714 6 5 .6 4 31-93 123.20 59-93 -159.85 -245.56 -232.92 -1864.07
4798 6 6 .6 2 32 .84 120 .76 59-53 - 160.03 -245.92 -219.31 -1835.63
4882 6 7 .9 2 33-75 118.08 5 8 .6 7 - 163 .96 - 2 4 7 .1 7 -227.31 - I 816 .O7
4966 6 9 .9 8 35.45 113.72 57-61 -171 .46 -249.33 -240.31 - 1789 .12
5051 7 2 .2 6 3 7 .1 6 109.45 5 6 .2 8 - 174 .14 -250.94 -230.94 -1744,00
5135 73.38 38.30 107.10 55.90 - 174 .67 - 2 5 1 .1 2 -218.54 - 1715.65
5219 74.22 3 8 .8 6  ' 105.75 55-37 - 176 .46 -251.48 . - 22 1 .6 5 - I 7OI.7 7










5387 77.91 41.48 100.01 53-24 -189.32 -255-79 -248.67 - 1668.90
5^71 43-30 -191.46 -257-40
5556 44.77 -190.39 -257.40 .
5640 82.34 45.57 92.97 51.45 -190.75 -257- 04 -210.97 “J577-73
5724 83.46 46.14 91.77 50.73 -195.92 -258.30 - 2 2 8 .1 7 -1574.55
5808 4 7 .1 6 -202.89 - 26 0 .1 0
5802 49.55 - 20 9 .6 8 - 262 .43
5976 90.22 5 1 .7 0 83.44 4 7 .8 2 - 211 .11 - 263 .33 -235.11 -1500.69
6061 90.83 52.84 8 2 .2 6 4 7 .8 5 - 208 .61 - 2 6 3 .4 2 - 2 1 3 .1 2 -1481.23
6145 90.92 53-18 81.95 47.93 - 2 0 7 .1 8 - 262 .79 - 2 0 5 .0 7 -1472.61
6229 91.62 53.75 81.20 47.64 - 2 0 9 .6 8 - 263 .15 -210.14 - 1467.45
6313 9 3 .6 7 54.55 79.72 46.43 -217.54 - 26 5 .3 0 -235.18 -1462.47
6397 9 6 .6 1 5 6 .8 2 76.91 45.23 - 226 .11 - 267.01 -248.61 -1439.66
6481 99.50 59.32 74.15 44.21 - 2 3 2 .1 8 - 268.71 -249.77 -1412.81
6566 101.37 61.59 72.05 43.78 - 2 3 1 .8 2 - 269 .61 -229.35 -1384.06
66 50 102.26 6 3 .3 0 7 0 .7 0 4 3 .7 6 -229.32 -269.43 -206.94 -1361.17
6734 102.40 6 3 .7 5 70.38 43.82 -225.39 - 270 .51 - 187.70 -1353.16
6818 102-54 6 3 .6 4 70.40 4 3 .7 0 -225.39 -268.35 -193.89 - i 345 . i l
6902 103.33 6 3 .8 6 70.03 4 3 .2 8 -230.75 - 2 6 9 .0 7 - 2 1 1 .2 6 -1349.24
6987 105.34 64.89 6 8 .8 2 42.39 -240.75 - 27 1 .0 5 -237- 64 -1350.58
7071 108.18 6 7 .0 5 6 6 .7 8 41.39 -250.04 -273.20 - 2 5 2 .2 7 -1338.25
7155 I I I .O 7 70 .11 64.38 40.64 -256.47 -274.82 -250.08 -1315.81
7239 113.13 72.95 62.43 40.26 -257-54 -275.89 - 2 3 2 .6 9 -1291.36
7323 114.39 75-23 6 1 .0 3 40.13 -254.68 - 276 .25 - 208 .51 - 1267.34
7407 114.95 7 6 .4 8 6 0 .3 0 40.12 0249.86 -275-89 - I 8 7 . i l -1247.74
7491 115.09 76.59 6 0 .2 2 40.08 -246.47 -274.99 - 178 .87 -1237-27
7576 115.46 7 6 .4 8 6 0 .2 0 39.87 -244.68 -274 .2 8 -177*49 -1229.30
7660 116.30 7 6 .3 6 6 0 .0 8 39.45 -248.61 -274.28 -192.69 - 1230 .22
7744 118.02 76.93 59.47 3 8 .7 6 -256.11 -275.89 - 2 1 2 .2 7 -1232.40
7828 7 8 .1 8 - 2 6 4 .6 9 -277.87
7912
127.63
8 1 .0 2 - 2 7 6 .4 7 -279.48




































xlOHohm-cm xlO^ofim-cm mho^cm mho}cm
c i
A € 11 xlODv olt-cm /w att 6 , x l 0°vo lt-cm /w att
e'l'l
xl04amp/°K-cm
i, ^ 2  _
x l04amp/°K-<
129.78 -285.05 - 2 8 2 .1 7
130.99 90.91 51.52 35.76 -285.40 -282.89 -214.78 -1159.77
131.65 92.73 50.78 35.77 -280.40 - 2 8 3 .0 7 -192.52 -1142 .1 9
131.74 93.52 50.47 35.83 -276.47 - 282.71 -179.01 -1131.39
131.41 93-52 50.51 35-95 -271.47 - 2 8 2 .2 6 -166.89 -1124.02
131.04 9 2 .6 1 50.89 35.96 - 267 .19 - 2 8 1 .8 2 - 161.98 - 1120.85
130.95 91.70 51-24 35.88 - 266.11 - 2 8 1 .8 2 -164.91 - 1122.65
131.74 91.25 51.30 35.53 -268.97 - 28 2 .0 0 - I 76 . 8 I -1124.24
133-42 92.05 5 0 .7 8 35-04 -277.90 -283.25 - 196.01 - 1128.81
140.14 96.82 48.30 33*37 -300.41 -286.84 - 231 .10 - I I I 7 .5 8
146.95 104.89 45.08 32.18 -313.62 - 2 8 8 .1 0 - 2 2 7 .8 2 -1080.14
150.35 112.05 42.76 31.87 -315.05 -288.64 - 200 .01 -1047.50




152.41 115.57 31-59 -292.37 -290.97 -139.85 -  999.51
153.06 112.84 42.33 31 .21 - 2 9 0 .7 6 - 2 9 1 .0 6 -150.91 - 1001.22
155.76 112 .16 42.28 30.44 - 3 0 0 .7 6 -292.41 -178.49 -IOO7.O9
115.23 -320.77 -294.20
168 .17 122 .27 38.90 2 8 .2 8 . -338.98 - 3 0 2 .8 2 - 216 .30 -  999-98
172.42 132.0 5 36.56 2 8 .0 0 - 347 . 02 -296.09 -205.74 -  961.24
174.10 139.20 35-04 2 8 .0 2 -346.31 - 2 9 6 .0 0 -179.80 -  939.42
174.94 143.52 34.17 2 8 .0 3 -342.91 -297* 07 - 158 .62 -  924.86
175.92 145.79 33.70 27.93 -338.63 -298.69 -143.66 -  913.66
I 7 7 .08 145.23 33.76 2 7 .6 9 -331.12 -300.39 -133*92 -  903.74
177.97 142.95 34.15 27.43 -322.55 -301.74 - 128.18 - 896.42
179.04 140.45 34.58 2 7 .1 2 -316.84 - 30 3 .0 0 - 128 .06 - 892.49
180.86 138.30 34.89 2 6 .6 8 -316.48 -303.27 - 138.10 -  890.35
184.08 138.18 34.75 2 6 .0 8 -325.05 - 3 0 4 .7 0 -156.64 -  892.25
189 .07 140.57 34.06 25-33 -341.13 -306.23 - 180.85 -  892.46
145.34 - 307 .21
201.29 153.07 51.48 23.94
-375.06
- 3 0 6 .7 7
205 .21 -306.59
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2 0 7 .7 8  
208 .15  
2 0 8 .6 2  
209 .6 0  
211.93 
213.89 
215 .10  
216.27 







2 5 0 .1 8  
250.09 




17 8 .0 7 
















2 5 6 .3 6
259.32
2 8 .7 9
27.75
2 6 .9 9
26.46
2 6 .1 2
25.90 
2 6 .2 0
26.91 




















2 2 .6 7  
22.20
21.49
2 0 .7 0  








Note: The values of the e1.’. were
1J
(T e l l  f 21 
10°vo lt-cm /w att  x l 0ovo lt-cm /w att
, e'l'l 
xlo4amp/°K-cm 1 ^ 2xl04amp/°K-<
-369.35 -302.55 - 162.18 - 817.04
"37^-35 -301.38 -150.72 -  8 0 7 .9 9
-374.35 -301.38 -136.59 -  798.25
-372.92 -302.91 - 123.86 -  791.24
-372.56 -305.24 - 116.18 -  787.17
■ -371.67 -311.79 -IO7 .8 2 -  786 .28
-365.59 -317-09 -103.96 -  7 8 5 .8 6
-355.41 -320.59 - i 03 . i l -  785.48
-346.84 -321.31 -108.04 -  78 3 .8 6
-342.56 -320.59 - 118 .98 -  778 . 8 I
-358.99 -320.50 -147 .0 6 -  7 8 0 .2 0
-381.13 - 3 2 2 .0 2 -169.04 - 775.76






-405.24 -313.77 - 116 .22 -  693.10
-399.71 -310.72 - 9 8 .1 0 -  6 7 5 .5 6
-399.35 - 3 1 0 .0 0 - 8 6 .6 5 - 666.05
-402 .0 3 -310.72 - 8 1 .8 5 - 6 6 3 .0 7
-400.24 -312.69 -  7^.37 - 657.70
-399.35 -315.38 -  68.19 -  654.31
cm
>uted using » 4 .68 watt/°K-cm.
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APPENDIX IVb
Numerical data fo r the p i j ,  f f | j , e f j ,  and eVj a t  4 . 3°K:
H
gauss xlO^olim-cm xlOnonm-cm x io - 1̂
£ i
U ^volt-cm €{2^volt-cm eV? in4 amP
eVo..\£L  ampXIU " . . X1U ' X1U fV,, X1U rt,.cm cm w att w att °K-cm °Ktacm
0 3-24 0 30.83 0 2.56 0 IO6555 0
2 3.25 -  .09 30.72 -  .90 2 .6 0 - .46 IO72O3 -22221
4 3.29 -  .21 30.29 -  1-93 2 .6 6 - 1 .0 8 105948 -51098
6 3.37 - .34 29-39 -  2 .97 2 .7 6 - 1.51 103464 -70970
8 3.46 - .47 2 8 .3 8 -  3 .8 6 2.90 -  1.90 1012100 -87886
10 3-59 - .61 2 7 .O7 -  4 .60 3-08 - 2 .2 1 98834 -104355
12 3-77 -  -77 25.47 -  5 .17 3.30 - 2.46 96300 -107622
14 3.96 - .92 23.96 “ 5-57 3.50 - 2 .6 6 93218 -112333
16 4 .1 5 -1 .09 22.54 - 5-92 3.75 -  2 .8 8 91098 -117612
18 4 .3 6 - 1.28 2 1 .1 0 - 6.19 4.06 -  3*08 89910 -121662
20 4.59 - I .4 9 19.74 - 6.40 4.34 - 3 .2 6 87494 -124376
50 10.40 - 5 .4 4 6 .7 2 - 5-39 54770 -125037
100 4.40 - 3-49 8.19 -  8 .0 8 10584 - 86576
150 2.64 - 2.15 8 .7 1 -10.45 702 -  62519
200 1.81 -  1.42 8 .8 1 “ 12.51 -  2444 -  47453
250 1.41 -  -99 8.79 -14.40 -  2511 - 39150
300 1 .1 2 -  .6 9 8 .6 5 - 1 6 .2 2 -  2025 - 32589
350 .91 " .51 8.47 -18.20 -  2120 -  28188
mho/cm mho/cm
373 .90 - .5 0 8533 -4733 8.39 - 18 .26 - 2002 .86 -  26395
7547 1.74 -  .6 8 4967 -1951 7-55 -25.14 - 1558.7 -  18846
721 2.84 -  .8 0 3264 -913.5 6 .0 8 -31.43 -  1196.5 -  14598
895 4.16 - .8 0 2321 -444.0 3.89 - 3 8 .0 1 -  1059.2 -  12143
1069 5.78 -  .6 9 I705 - 2 0 3 .6 1.69 -43.70 -  81 2 .0 3 -  10110
1243 7-57 - .4 7 1316 - 8 1 .0 3 - .97 -49.38 - 847.40 -  8761
1417 9 .57 .1 0 1045 -  10.81 -4 .3 7 -54 .47 - 6 9 6 .0 6 - 7677
1591 I I .6 3 .42 859.0 31.25 -6 .93 -59.26 -  553-23 -  6901
1765 13.79 1 .00 725.0 5 2 .8 2 -9 .84 -63.75 - 5 0 8 .6 8 -  6309
1939 16.05 I .6 7 6 l 6 . 2 64.27 -13-24 - 6 7 .64 - 514.22 -  5740
H z,p HxlO^ohm-cm 4p21 xlO ohm-cm mho}cm mho}cm x 1O^vo11- cm/watt x l 06voltrcm /w att xl04amp/°K-cm
^ 2
xl04amp/°K-
3O3O 35.22 IO.5 7 260.47 78.17 -  32.366 -  8 9 . I 78 -197.01 -3495.91
3367 40.21 13.98 221 .88 77-14 - 37-29 - 93-98 -138.24 -3203.46
3704 46.42 17.84 I8 7 . 7O 7 2 .1 4 - 44.33 -  9 8 .0 8 -168.09 -2916.92
4040 52.57 21.93 162 .03 67.59 - 48.90 - 101 .82 -140.56 - 2 6 7 3 .27
4377 2 6 .14 - 55.58 -104.84
4714 3 0 .6 8
55*66
- 6 2 .2 7 -IO7 . 5 I
5051 71.33 35-23 112.70 -  6 7 .1 9 - 110.00 -195.70 - 2178 .60
5387 77.63 40.34 101.43 52.71 -  72.47 -112.14 -194.41 - 2051 .16
5724 45.46 -  77.04 -113.74
6061 90.22 5 0 .8 0 84.16 47.39 -  8 1 .6 2 -115.17 -190.54 - I 83O.5 6
6397 96.19 56.14 77-55 45.26 - 86.19 - I I 6 .7 7 -180.89 -1749.03
6734 102.49 61.93 71.47 43.19 - 89.01 - 117.84 - 188.76 - 1655.94
6902 IO5 .3 4 64.43 6 9 .0 9 42.26 - 92.17 - I I 8 .7 3 -182.39 -1633.10
7O7 I 108 .32 6 7 .0 5 6 6 .7 5 41.32 - 93-93 - 119 .62 -179.21 - I 6 OI.7 2
7239 111.45 7 0 .3 4 64 .1 7 40.50 " 96.39 -120.33 - 177.16 -1569.35
7407 114.15 73.30 6 2 .0 3 39.83 - 97.45 - 120.68 - 167.IO -1534.57
7576 116.95 7 5 .8 0 6 0 .2 1 39.03 - 99.559 - 120 .86 -172.52 - 1506 .97
7744 79.43 -102.37 -121.40
7912 8 1 .8 2 -104.13 - 122.11
8081 84.66 -IO5 .8 9 - 122 .82
8249 129.92 8 7 .9 6 5 2 .7 8 35*73 - 106.60 - 123.18 -165.29 -1391.85
8418 132 .07 90.12 5 1 .6 6 35*24 -106.95 -123.53 -157.98 -1370.53
8586 134.17 92.28 5 0 .6 0 34.80 -108.35 -123.53 -159.77 -1352.85
8754 136.78 94.66 49.43 34.21 - 110 .82 -124.07 - 166 .55 -1339.78
8923 140.28 -113.63 -124.96
9091 144.24 102.05 46.20 32.69 -115.74 -125*49 -168.14 -1293-48
9259 147.41 105.57 44.84 32 .11 -117.15 - 125 .67 -164.35 - 1268.60
9428 150 .12 IO8 .8 7 43.65 3 1 .6 6 - I I 7 .5 0 - 126.56 -151.57 -1248.05
9596 152.31 -117.15 - 126.38
9764 154.41 112.73 42.25 30.84 -117.15 - 126 .56 -141.18 - 1209.56
9933 156.79 114.21 41.67 30.35 - 118.21 -126.91 -144.91 -1198.31
10101 159.68 116.03 40.99 2 9 .7 8 - 1 2 0 .6 7 - I 2 7 .27 -155.97 -1189-32
xlO^o^m-cm xlO^ofun-cm * 0 } cm mho}cm
10269 118.75
10438 166.40 122 .62 38.95 2 8 .7 0
10606 127.05
10779 172.42 131 .60 3 6 .6 5 27.97
10943 174.75 135.57 35.72 27.71
11111 176.38 138.30 35.11 27.53
11250 178.30 140.12 34.67 27.25
11400 180.49 141.37 34.34 26.90
11560 182.91 142.2 8 34.06 2 6 .5 0
11700 185 .62 143-75 33.68 2 6 .0 8
11850 188.65 145*46 33-24 25.63
12020 191.92 148.30 32.63 25 .21
12160 195.46 152.05 31.87 24.80
12300 198.78 156.03 31.13 24.43
12450 201 .90 160.46 30.36 24.13
12600 2 0 4 .0 5 165.01 29.63 23.96
12730 2 0 5 .9 6 170.01 2 8 .8 7 23.84
12860 207 .59 173.76 2 8 .3 3 23.71
13000 209 .09 177*39 27 .81 23.59
13150 210.44 179 .66 27.49 23.47
13400 212.91 182.85 2 7 .0 3 2 3 .2 2
13660 215.48 183.41 26.91 22.91
13880 218.23 182.73 26.94 22.56
14100 221 .2 6 182.28 26.92 22.18
14300 224.76 183 .07 2 6 .7 5 21.79
14490 229.00 185.80 26.33 21.37
14700 233.76 190.57 25.70 20.95
14870 23 8 .8 0 197.28 24.89 2 0 .5 6
15060 242.91 2 0 5 .1 2 24.04 2 0 .3 0
15250 245.89 213.19 2 3 .2 2 2 0 .1 3























- 140 .37  










x l0 i*amp/oK-cm xl0^amp/°K“cm
6 e21 









































-  9 0 .5 2
-  94.54 
- 101.60 
- 108.82  








- 1113 .21  











-  926 .8 3
-  921.52
-  918.88
- 9 1 1 .8 7
-  905.19
-  8 9 8 .7 4
-  888.98
-  8 7 4 .5 6
-  864.18
-  8 4 7 .3 8
H 4p l l 4p21 P 11 °1 2
x 10 ohm-cm xlO ohm-cm mho/cm mhq/cm
15580 250 .00 228.19 2 1 .8 2 19.92
15740 251.40 235.35 2 1 .2 0 19.85
15870 252.5 6 239.33 2 0 .8 6 19.77
16000 253.73 242.96 2 0 .5 6 19.69
16120 255-04 245.92 20.32 19.59
16230 256.48 248.19 20.14 19-48
e i i   ̂ £2i  /i6 i i
xlO vo lt-cm /w att  x lO °volt-cm /w att xl0^arnp/°K-cm
-157*96 -139-02 -  91.53
- 157.96 -139.02 -  79j 62
-157.61 -139.20 - 72.39
-157.26 -139.55 - 6 5 .5 8
- 156.90 “ 139.55 - 6 1 .2 8
- I5 6 .20 -139.73 -  57-05
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